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ABSTRACT

This article presented some theorems on a novel non-linear multiple Integro-differential equations of
boundary T-system. It has been studied the numerical-analytic method and Banach fixed point theorem
for the existence and approximation of the solutions over considered boundary system in compact
space. In this work, we demonstrate that the mention methods can be discussed and analyzed for the
existence and uniqueness, of a solution for the vector system. The paper satisfies the Hélder condition.
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1. INTRODUCTION

Nonlinear boundary value problems play a
crucial role in the study and management of
real-world nonlinear systems and the
advancement of innovations. These problems
arise in several branches of science,
engineering, and physics as wave equation in
the physical differential equation that the
determination of normal modes is often stated
as boundary value problems. The theory of
boundary value problems together with a set of
additional limitations on the boundaries has a
very wide collection of various methods.
Conventionally, these methods can be divided
into several main categories, namely analytic
methods, functional analytical methods,
numerical methods, and numerical-analytic
methods (Samoilenko, 1985; Ronto, 2000).

The method proposed of boundary value
that corresponds to the problem of a solutions
of ordinary differential equation systems of first
order with non-linear  sides (Samoilenko,
1985). It should be remembered that the
numerical-analytical approach is primarily
aimed at investigating the qualitative problems
of a solution's.
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The numerical-analytic method is fairly
universal and can be used for both the study of
the problem of life and practical solution
building. For the given differential equation, a
boundary value problem involves
finding a solution for the given nonlinear
differential equations subject to multi -
boundary conditions, which is a prescription for
certain combinations of needed solution values
and their derivatives at more than one point.

Recently, many types of Integro and Integral
differential equations have been used to
approximate the periodic solution of various
different differential equations such as
Volterra, Fredholm, and mixed Volterra
Fredholm (Butris, 2020; Zavizion, 2009: Zill
2013). The method of  successive
approximation (numerical analytic method) is
due to the simplicity and possibilities clear to
approximate construction of a solutions of
integro-differential equations. This study
become more general and detailed than those
introduced by (Butris, Faris, 2020).

The several lemmas and theorems from the
numerical-analytical method, which has been
used to study the solutions of the nonlinear
boundary T-system (Butris, Faris 2020).



Butris, R.N., H.S. Faris.

In this paper, the nonlinear Boundary system
considered as follows:

d
d—: = (A +B1(®))x+ (4, + Bz(t))y1
+(t,x(8), y(8), u(®))
d
+g(t, x(), y(8), v(D))
with Boundary conditions ree (D)
T T
f fx(t)dt dt = d, +u(T)
00
T T
f f y(©)dt dt = dy + v(T)
00 J
where, 0<t<t<T, d;, and d, are

constants, x € Dy,y € D;,u € D, andv € D,,.
The domains, D, and D; are closed and
bounded subset of R™. Also D, and D, are
bounded domains subset of R™.

Consider the vector functions f(t,x,y,u)
and g(t,x,y,v) on the following domains are
defined and continuous:

(t,x,y,u) ER™ X Dy X D; X D,
= (—o00,00) X R?" x R™
(t,x,y,v) € R* X Dy X D; X D,,
= (—o0,0) X R?™ x R™

- (2)

where, Dy: |lx — xoll < 7%, Di:lly — woll <13,
Dy:llull <d, and D,:||lv|| <d,. And are
continuous vector functions in x, y, u ,v.

The boundary system (1) verifies the
continuous vector functions x(t,x,,V,) and

y(t, x0,¥0), where
z,(t) = By (£)x(t, x9,¥0) + (Az +

B, (t))}’(t; X0, Yo) +

f(t,x(t, X0, Y0), Y (¢, xo,yo),u(t)) and

z,(t) = (€1 + D1(0))x(t, x0,¥0) +

D, () y(t, x0,Y0) +
9(t,x(t,%0,50), ¥(t, %0, ¥0),v(t)) which are
defined as follows:
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X(t, xOﬂyO)
= xped1t
t

+feA1(t‘S) (zl(s)

0
- fA(t! X(t, X0, 3’0)»}’(13 X0, yO)r u(t))

+ (1(t, xo:)’o)) dS, (3)

as x(0,xq,y0) = xo and m = 0,1, ..., where

fA(trx(t' XOJYO):}’(t» Xo, yo),U(t)) = Ale +
a fOTeAl(T‘S)zl(s) ds, (4

ed1T—1

1 = 4,°
( (t,xo.YO) - T(eATlTAl_I)(dl -

f(;r fOTF(t,X(t, xo:)’o)'}’(t: xO'yO)lu(t)) dtdt +
w(r) - 2T, . (5)

A

det(4;) # 0, det(e®2T —TA; —I) # 0 and

F(t,x(6),y(®),u®) = fotefh(t-S) (Zl(s) _
fA(t' x(t, %0,Y0), Y (¢, xo,yo),u(t))) ds.

.. (6)

y(t,x0,¥0) = yoe 2t + fOteCZ(t_S) (ZZ(S) -
gA(t,x(t, xOlyO)' J’(t; xo,yo),v(t)) +

zz(tleJyo)) dS, (7)

as y(0,x,y9) = Yo andm = 0,1, ..., where

9a(t,x(©0), (), v(t)) = Cyo +

C T _
o [ e Tz, (s) ds,

..(8)

Z(t ) = C;Z(d —
( 'xO: yO - T(eCZT_TCZ_I) 2

Iy 15 G(t,x(t %0, 90), ¥ (8, %0, 70, v(1)) dt dt +
v(r) - 2HE), O
det(C,) # 0, det(e“2T —TC, — 1) # 0, and
G(6,2(1), y(©),v()) = f, e (25(s) —
9n(t,x(t, %0,70), ¥ (t, %0, 90), v(1)) ) ds.

..(10)
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Also we have

u(®) = [1, [} Ka(t,$)pa(t 5, x(5), ¥(s), p(s)) dt ds
v(t) = [7 [ Ka(t, $)pa(t,5,x(5), ¥(s), w(s)) ds dt,

. (11)

p(s) = [25)(x(@) — y(D) dr

.. (12)

h

w(s) = fh:((:)) (x() —y(®))dr
Assume that the following inequalities are

satisfied by the vector functions, f(t,x,y,u),

gt x,y,v), Y1(ts,x,y,p)  and

Y,(t,s,x,y, w):

||f(tl X, ¥, u)” < 191' ”g(t;x:y; v)” < 192:
..(13)

”d)l(t! S'x'y'p)” < S;lr ”¢2(t' $, %Y, p)” <
$2 .. (14)

f (t, x1,y1,u1) — f (&, %2, ¥2,u) |l < Tyllxg —
%1%+ o llys — o 1P + Tallug — u,ll”,

.. (15)

g (t,x1,y1,v1) — g(t, x2, ¥2, v )l < Zqllxq —
x| + Zollyy — 2 lIP + Zsllvy — v, lIY,
..(16)

[ (t, s, %1, y1, p1) — ¥1(E, 8, X2, Y2, p2) | <
hyllxy — x5 1% + hyllyy — y2 18 + hsllpy —
p2 117, - (17)

[, (t, s, %1, y1, w1) — P2 (8,8, X2, ¥2, w)Il <
Ly = x 1%+ Lllys — va 1P + L llowy —
s I, ..(18)

forall x,x1,x5 € Dy, V,¥1,V2 € D1, u,uq,u, €
D,, and v,vq,v, € D, where 94,9, [},I5,, T35,
21,Z2,Z3, hy,hy, hs and 1y, 15, 13 are positive
constants, t € [0,T],and 0 < a, B,y < 1.

From the boundary system (1), the positive
matrices K;(t,s) and K,(t,s) are isolated
singular kernels i. e.

”K1 (tl S)” < 6le_y1(t_s)

..(19
1K, (¢, )] < pe772(t9) (19)

where 81, 65, y1 and y, are positive constants.

Also Ay = (Ay;)), Az = (Azi5), By = (Byyj),
B, = (Byij), €1 = (Cyj), C2 = (Cpyj), Dy =
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(Du j) and D, = (Dzi j) are non-negative
matrices fori,j = 1,2,...,nand ||. || = max|.|.
tel0,T]

We define the non-empty sets as follows:
Dy =Dy =1y =Dy — (Ql(t) (d1 —xoT?% +
518 —vib
ﬁ(e ia _ e Y1 )ele) +

cl(t)thfi*l(t)>, . (20)

Dg =D — Ty = D — (Qz(t) <d2 _yOTZ +
6;—52(b - a)) + Cz(t)thH*z(t)) .21

e < Ry, e < Ry, .22

Hy(£) = [[hz(t) — hy (Ol Hz () = |lhye(8) —

hs(t) I, .. (23)
H*1(®) = IB,@OIlllx(@) Il + 1142 +

B, Iy @) Il + 91, - (24)
H*5(©) = |G, + Dy @O|lllx (@) [| +

D2 (Ol (®) I + . . (25)

Consider the sequences {X;, (t, X, o)} m=0
and {y, (t, xo,Y0)}m=0 Of a continuous vector
functions are defined as:

Xm+1(t, X0, o) = xge1t +

Jy e (24 () -

fam (S, %Xm (8, X0, 70), Ym (S, X0, ¥0), um (5)) +
Cm (6,%0,70)) ds, . (26)

with x(0, xy, ¥o) = xo and m = 0,1, ..., where

fA,m(S: xm(s): Ym(s)’um(s)) = Ajxp +
G fy et T 9z n()ds,  .(27)

ed1T—|

1 VR
( m(t, x(): }’0) - T(EAIT—TAl_I) (dl

fOT foT F(5, %05, X0, Y0), Vi (S, X, Vo), U (8)) dt dt +
umav—%i@hT—n> ..(28)

F(t, % (8), Yo (0, i () =
fot eM(t=s) (Zl,m (s) -
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fA,m(t' Xm (t, X0, yO)' Ym (t' X0, yO)f um(t))) dSa

..(29)

urtn(t'licol YO) =
f_oo fa Kl (t' s)lpl (t' S, Xm (S)' Ym (S), Pm (S)) dtds
, ..(30)
() = [20) (tm (D) = ym (D) dz. ... (31)
Also we obtain that
Ym+1(t, X0, ¥0) = yoe©2t +
Jy % (zgm(s) -
Inm (6 Xm (), Y (8, v (1)) +
In’(t, xo,yo)) ds, ..(32)
with y(0, xo,v) = yo and m = 0,1, ..., where
-gAm(t xm(t) Ym (£), Um(t)) =Gy +

f e©2(T=9)z, . (s)ds, ..(33)

eCzT I

C 2
sz(t,xoy}’o) = T(eCzT+TCZ—1)<d2 —
foT foT G(t' X (£, X0, Y0), Ym (1), Um(t)) dtdt +

v (T) — %(eCzT - 1)), ..(34)

G (t, % (£), Y (£), v (1)) =
fotecz(t—s) (Zz,m(s) _

gA.m(t' xm(tl X0, yO)' ym(t' X0, }’o). vm(t))) ds

, (35)
vrl;l (t, xO' yO) =

S Ko (6 00585, 6 (5), Vi (5), w0y (5)) dis dt
, ...(36)
0m() = [0 (e (@) = ym (@) dr. ..(37)

Consider the matrix, ¢, (T)'s highest Eigen-
value does not exceed one where, ¢, (T) =

01(T) @, (T)) -
, that is
<¢3(T) @4 (T)
(01(T)+94(T))
max ((py (T)) —
J(wl(T)+<p4(T))2 4@1(Mes(M=¢2Mps(M) _ 4
2 b
..(38)
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where,
@1(t) =Ryt <||Bl(t)|| +T; + (1'*3 +

21(t) )
R1th1(t)) ((hl ths (Hl(t)) ) (( 5E (e via _

o) )

@2(t) = Ryt <||A2 + B, (O + T + (F3 +

~(39—-1)

( —rna _

o0 ) ((hz + () ) (225 (e

o) )

@3(t) = Ryt <||C1 +D; (O +2 + (23 +

.. (39 — i)

02(1)

) ((11 + 1,HY) (M)>y> ,

..(39 — i)

P4 (0) = th<IIDz(t)|| +3,+ (s +

Y
02(t) 55(b—a)
s (t)) ((12 + 13HY) (_z )) >

(39 — i)
_ e||A1||T_||A1"Te”A]_"t_”I” _
Cic(t”)r_ el =Tl |-l 52(8) =
el 2lT—|icy(ITe 2 e |ir]]
RS - (40)
__llAgli(eMAahe—piry) B
018 = FeTatr = -y 02(1) =
lic,lI(eC2Nt—ir))
T(TeIT=TC, |11 - (41)
_ ellaalt_ _ellezlie
m() ==k (t) = ——— (42)

Definition 1. A function f£:S — R satisfies a
Holder condition of order @ where, 0 < a < 1,

n [a,b] € R, if there is a constant K > 0, so
that V x,y € [a,b], |f(x) — f(¥)| < K|x —
y1%.
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Lemma 1. Suppose thatx; € Randq € (0,),
then we received that

If xl>0 and g =1, then for 1<i<m,
Rl < GRx)?<mItER xf

The reverse holds if 0 < g < 1. Hence for 1 <
t=m, (X x)? < Xt 1x

Ifx,y;ERand 0<q <1, then for 1 <i <
m, |lx; — yill? < llx; — yll.

Lemma 2. Consider f(t, x, y) be a continuous
vector function on, [0, T]. Then

155 (£ (s, x(5), 9()) -

~Jo F(1.x(@),y() dr) ds|| < a(®)M holds,
a(t)=2t(1—§) M=
max ||f(t,x(t),y(t))||, vteloT].

te[o,T]

where and

Lemma 3. The following inequalities hold
under conditions (23), (37) and (39) also from
Lemma (1):

”pm(t) - pm—l(t)”y < ”xm(t) -
X1 O (HL(8)" + 1y (£) —
Yma O (H (@®),

[0m ) — Om_g O < llx, () -
X1 O (Hy () + lym (©) —
Y1 O (H ()"

Theoreml. Suppose that u(t), v(t),
Y,(t,s,x,y,w) and Y,(t,s,x,y,v) be
continuous vector functions in the domain (2)
and satisfy the conditions and inequalities (17),
(18), (30), (31), (36) and (37) and the relations
of (39). Then the following inequalities hold:-

i) it (8) = 1 (O < (o +

hy(H, (t))y) (% (ena —

e‘“b)e“) 1 (6) = g Ol + (I +
hs (Hy (0)") (f—;l (ene —

e‘hb)eht) 1y (&) — Vi1 (O,

i)l (O = vmoa (O < (L +
(2 (9)) (Z572) Itm (8 = 21 (O +
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(12 + 1:(H0)") (Z572) llym () -
Ym-1OIl,

forallt € [0,T] and m = 1,2,3, ....

Remark. For the the definitions and lemmas,
see (Butris, Faris 2020).

2. APPROXIMATION OF A SOLUTIONS
OF BOUNDARY SYSTEM (1).

The following theorem proposed the
approximation of the solution of the boundary
system's (1):

Lemma 4. Suppose that the vector functions
f(t,x,y,u) and g(t,x,y,v) are defined and
continuous on [0,T] . Therefore the equations
(3) and (7) are a solutions of boundary system

(D.
Proof. Rewrite the differential equation % in

the form of % using the boundary system (1)

and the assumption that x = ve“1t as follows:

2 = B (v + (A; + By (D)) weCafe Mt +
e Mt f(t, x,y,u).

Take the integral on both sides and put in x =
ve/t, where z,(t) = (Bl (®)x(t, xo,y0) +
(Az + Bz(t)))’(t» X0, Yo) +

£ (£ x(¢, 0,700, ¥(t, %0, y0),u(®)) )

to obtain that
x(t, X0, o) = e’ + fot e41(t=9)z, (s) ds.
Next, we have to find the periodic of

x(t, xy,y0) and put the periodic solution in
boundary condition to have:

A XoT ¢ AT
A= T(em—lm_,)< O (e — 1) +
f() fo foteAl(t_S)Zl(S) dsdtdt — dl —

u(T)).

The solution of, z—f in (1) will be:

x(t, x0,y0) = xpe1* + fot e (t=9) (21(5) -
fA(tl X(t), }’(t): u—(t)) + (l(t, xo,yo)) ds.
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By the same method where y = we®2" and

z,(t) = (C1 + D1())x(t, x0,¥0) +

D, ()y(t, x0,y0) +

g(t,x(t, xo,yo),y(t,xo,yo),v(t)) we get the
equation (7) as:

y(t, x0,¥0) = yoe2t + fot eC2(t=s) (Zz(s) -
9a(t,x(), y(©), v()) + I (t, %0, ¥,) ) ds.
Lemma 5. Suppose that the vector functions
f(t,x,y,u) and g(t,x,y,v) are defined and

continuous on [0,T] Then from the
inequalities (40) and (41) we see that the vector

(IE:Cr ol
|E,(t, x0, yII/ —
e1(t) (d1 —xoT? + i,l_il(e_ha - e_ylb)ehT)
1
+¢1 (R tH; (1)
1)
0,(t) (dz —yoT? + }2,_52 b - a))
+6, (£)RtH" 5 ()

b

holds, where the equations (3) and (7) have
derived to get the following:

(eA1t-1)(Ayd1—x0T?41)
T(e41T-TA;-I)

fteAl(t—s) <Zl(s) —
eAlT IfTeAl(T s)(Z (s)) ds —

T(eAlT TA1—I) (f f f e S)( 1(s) -
fT e41T=9)(z,(s)) ds) dsdtdt —

E;(t,x0,Y0) = +

eAlT I

S J Ko (T, )1 (T, 5,%(5), 7(5), p(5)) AT ds)) ds

: .. (43)

(eCZt_I)(CZdZ_yOTZCZ)
T(eC2T-TC,-1)

fteCz(t—S) (Zz(S) _
e IfTeCZ(t s)(z (s)) ds —

T(eCzT TC,—1) (f Iy fteCZ(t K (Z () =
fT e2(t=9)(z,(s)) ds) dsdtdt —

E,(t, x0,¥0) = +

eCzT—I

L Ko (T, )Po(T, 5,%(5), y(s), w(s)) ds dT)) ds

: o (44)
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for0<t<T.

Proof. According to (3)-(6), (11)-(12) and (43)
also by the inequalities (13), (40) and (41)
with condition (24) we have:

IE1 (¢, x0, yo)l <
(Mt ) (114 lldy ~xoT2 144 1)
T (e =T| A, -[11]])

f et <21 (s) -
eAlT IfTeAl(T s)(Z (s)) ds —

m(f fi fy e (z4(5) -
fT e#175)(z,(s)) ds) dsdtdt —

+

eAlT I

f—oo fa Kl (T, S)lpl (T, S, X(S), 3’(5); P(S)) dT dS)) ds

N4 11 (e"A11E—|i1))(dy —x0T2)
= r(elAT-T| 4, |- |I11]])

el jla, ireMleinl o oy ) +
B e TT

ll4ll(eMAle—yr) 5151( “Na _ g=rib)enT
T(elAlT—T|a, |- |I11) ¥,2 ’

<

s _ _
||A1||(e”‘41”t—||1||)(d1_"0T2+#§21(e Y1a_g V1b)eY1T)
T(eMAlT—T |4, ||-[l1]])

el ITjia eV el o oy ®
AT T

_|_

Thus we obtain that

E1 (t, x0, yo)ll < 01(t) (d1 — xoT? +

ylfi (e na _ e_Vlb)ele) + 61 (DR tH* (1).
1

By repeating iterations (7)-(12) and also (24),
(40), and (41) we obtain that

IE2(t, x0, o)l < 02(8) <d2 —yoT? +
22— a)) + o (OR,EH" 5 (0).
2

So from ||E (t, x¢,y0) |l and [|E; (¢, x0, yo)l
we receive the vector form:
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||E1(t on’o)”) <
”Ez(t xo;}’o)”
01(t) d1 —xT? +

+C1(t)R1tH*1(t)
\ 02(t) dz YoT? + %(b - a))
+62 ()R, tH" 5 (1)

1i1 (e_]/la —_ e_ylb)ele)
Y1

S~—

3. EXISTENCE OF A SOLUTIONS OF
BOUNDARY SYSTEM (1).

The following
existence of the
system's (1):

theorem proposed the
solution of the boundary

Theorem2. Consider f(t,x,y,u) and
g(t, x,y,v) be vector functions on the domain
(2) which are defined, continuous and satisfy all
inequalities (15)-(19), conditions (22)-(23) and
(38)-(41). Then the function’s sequences (26)
and (32) of converge uniformly as m — oo to
the limit functions x°(t,xy,y,) and
y°(t, x0,Yo) are a solutions of boundary system

(1):

(on (t, X0, ¥0) — %o (t, X, YO)”)

é
0 ® (4 77 + S5 e )
1

¢ (ORtH(t)
= ¢
0(t) (dz —yoT? + ]2/ 2 (b - a))
62 (R, tH 5 (t)
, .. (45)
(”xo(t' X0,Y0) — Xm(t, xm)’o)”) <
ly°(t, x0,y0) — Ym_(ltz X0, Yoll/ —
o) (1= 9, (M) Qu(T), .. (46)
where, 0 (T) =
0,(®) (d1 —x,T? + %(e‘yla - e‘Vlb)ele)
+¢1 (R tH(t)
02(t) (dz —yoT? + %(b - a))
+62 ()R, tH"5(t)

and [ is an identity matrix.

Proof:The function’s sequences

{xm (%0, ¥0)}m=1 and {1, (¢, x0,¥0)}71=1 are
defined on (26) and (32), continuous on the
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domain (2) . Firstly, by lemma (5) and from
(26) where, z; (t) = B1(t)xo(t, x0,y0) +
(Az + Bz(t)))’o(t; X0,Yo) +

£ (20 (t, %0, ¥0), Y0 (t, X0, ¥0), o () ) We get:

x1(t, %0, ¥0) = xget +

t _
Jo e =) | 71 4(s) — (A1x0 +

eAlT_I fT e41(T=5) (Zl 0(5)) ds)

Jo Jo (fy @ (21005 = (Arxo +

oy €T (2,0(5)) ds) ) ds) de de +

u(T) — % (el — I))) ds,

= erAlt + fteAl(t‘S) (zl'o(s) —Aixo +

T A4y (T-5) A%dy _
eAlT o ™ (21'0 (S)) ds + Temt—ra,

4,7 STy Jy Jy e (z10(s))ds dt dt +

T(eA1T—-TA,—

2
i o Iy Iy e (Arxo) ds de dt —

T(eA1T TA1
t oA (t- T A (T-
T(em = I)f f Jy et S)em -, eM77(z5(s)) ds ds dt dt +

()~ 2T

T(eA1T-TA,-I) (e41T—-TA;-1)

_ Ayd,(ef1t-1)

=Xot T(e41T-T A1)

xo(eA1t-1)T(eM1T—A,T-1)
T(eA1T-TA,-1)

fot eA1(t=5) (Zl,O (5)) ds —
Aq(efrt—] T (T (ot _
e _,)f fo fo eA1(t=s) (Zl,o(s)) dsdtdt +

T(eA1T-TA 0

Aq(e1t-1) L (u1 o(T))

T(eA1T-T4,

_ xo(e41t-1)(e41T-1)

(e41T-TA4;-1)

Aq(eA1t—1)(dy—x,T?)
T(e41T-TA;-1)

J§ e409 (z,,4(s)) ds
Agt_
Ay(eArt-) fT fOT foteAl(t_S) (21,0(5)) dsdtdt +

T(eA1T-TA;-1)70

(et (ul,O(T))-

T(eA1T-TA,-1)

:x0+

Then by the mathematical induction and where,
m = 0 we get the norm

12, (£, %9, ¥0) — Xoll <
4, lI(eAxlE—|i1]1)(dy —xoT2)

T (elAlT—T]|A,|I-1I11])
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(el ATy Ay |- 1) =l A IT (A2l 1))
( (ellAIT—T) A4 ]-N111I)

lAqll(eM e 6,8,
T(ellALIT—T||4,]|-|I1]]) 412

)thH*l(t) +

(e_yla —_ e_Y1b)ey1T,

<

51¢ — —
||A1||(e“Al“f—||1||)(d1—xorz+ﬁ(e Yid_e m)em>
T(eMAIT—T|| 4, |- [I11])

elAalTjjayrellt=iin o -y ®
el —rja -z 1 A

_|_

(£ %0, ¥0) = %ol < 01.(8) (dy — x0T +
‘j/l—il(e‘yla - e‘Vlb)ele) + ¢ (DR tH* 1 (B).
1

Using the same iterations as equation (32) also
(24), (40) and (41) we get:

ly1 (¢, %0, ¥0) — Yoll < 02(t) <d2 —yoT?+

25 (p - a)) + 2 (DR, tH" 5 (0).

For m > 1 and by mathematical induction we
have obtained that:

1 (£ %0, ¥0) = %oll < 01.(8) (dy — x0T +
‘j/l—il(e‘yla - e‘Vlb)ele) + ¢, (OR tH*{ (D),
1

lym (¢, x0,¥0) — ¥oll < @2(8) <d2 —yoT? +
28 (p - a)) + G2 (OREH" 5 (0).
2

Beside that from (20), (21) and V t € [0,T]
where x, € Df and y, € D; we obtain that

Xm (£, %0, ¥0) € Do and yp, (¢, x0,0) € D;.

In addition, we have to demonstrate the
sequences {xm (t, %0, Vo) Iom=0 and
{ym (t,x0,Y0)}m=o are uniformly convergent
on (2). Then by lemma (5) and (26)-(31) when
m = 1 we obtain that

ll2c; (¢, x0, ¥0) — %1 (&, x0, Yo)ll < ”(1 -
%) foteAl(t_s) [31 (s)x1(s) +

(Az + By(5))y1(s) +

£ (5,200, y1(8), w1 (5)) = (By ()0 + (47 +

B,(s))yo + f (¢, xo;}’o'uo))] ds” *
[, ) — o

T(e41T-TA;—
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el 41T —||a, el Ale )
< Rt (POl + T+
A ) (
<F3 + thT(e||A1||T—||A1||Te”A1”f—||I||) hl +

(e_yla —

hs(H:0)") (2
Y
e‘“b)em)> ) llxy (£) = xoll +

el4alT—|ja, |rel4slt—r
15 eladdTra, |-l

(”Az + B, (Ol +

ot (1 +

N4, lI(eMAalE—|ir)))
Ry tT(elA1lIT—| |4, ITellAlE—| 1)) (h2+

51 (e—yla _

hs(H(0)") (525
Y
e—nb)em)> ) 120 — yol.

Thus from (39)-(41) we receive

”xZ (ti xo:}’o) - xl(t: xo,}’o)” <

Ry £61 (8) (uBl(t)n +1+ (I +

203 (k1o (0 ) (5
Y
e—ylb)em)> > [l () = xoll +

R, £61 (£) (qu + By (Ol + T + (T +

(e_)/1a —

01(t) 51 ( -y1a _

R1tC1(t)) <(h2 + h3 (Hl (t))y) ((Y1)2 €
e_hb)ele)>y> ly1(£) = yoll-

By the same iterations from (32)-(37) and
(39)-(41) we have

ly2 (£, %0, ¥0) — 1 (& x0, ¥l <
Ryte () (ucl + Dy (Ol + 35 + (35 +

14
22(t) 8,(b—a)
eise(d) ((11 +15H}) (ZT)> ) AGE

xoll + Ryte () <||Dz(t)|| +3;+ (%5 +

14
02(t) ¥\ (82(b—a) _
thzgz(t)) ((12 + 13H, ) ( 2_y2 )> > lly+ ()
Yoll-
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Since for, m >1 and by induction, we
demonstrate from (39) a vector form as follows:

Xmsr (&) = X (O
<||ym+1(t> - ymo:)n) =
(‘Pl ()

o svz(t)> <||xm(t) - xm—l(t)”>,

P4 () \|lym () = yim-1 (O]

where two sides' maximal t values have been
ordered by iterated recurrence on (39)

<||xm+1(T) - xm(T)”>
||ym+1(T) - ym(T)”
o1 (T) @ (T\"
<( 93(T) <p4(T))
0,(T) (d1 —xoT? + i/l—f; (e7na — e‘ylb)ele)
+61(T)R,TH*{(T)

0,(T) <d2 —yoT? + 6]2,_52([) - a))
+62(T)R,TH™,(T)

.. (47)
From (47) and for any k = 0 we conclude that

(”xm+k(T) - xm(T)ll) <
|y m+x(T) = ym (DI ~
(”xm+k(T) — X1 (DI
IYm+x(T) = Ymar—1 (Dl
<||Xm+1(T) - xm(T)”>
lym+1(T) = ym (DI

Rewrite the vector structure as follows:

oot

Qar(T) < (I = 9, (T)) " I (T)Q (T,

lxm i (T) = xm(T)”)

where,  Qp44(0) = (||ym+k(T) = Ym (Dl

#=(0m pm) m 8-
0:(t) (d1 —xT% + %(e_yla - e_hb)ehT)
+¢1 (DR tH"1(T)
0,(t) (dz —yoT? + %(b - a))
+62 (DR tH 5 ()

As a result of condition (38) we get
lim ¢} (t) = 0. Accordingly,

n—oo

{xm (t, x(), YO)};.;JFO and {ym (tl xOI yO)}?I?L=0
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sequences of the function converge uniformly
on the domains (20) and (21).

So the function’s sequences {x,, (t, X0, Vo) }mm=0
and {y, (t, X9, Vo) }m=o converge uniformly on
the domains (20) and (21).
Suppose that, lim x,, (t,xq,y0) =

m-oo
x (t,x9,¥o), and nlll_f}go Ym (t,%0,¥0) =

y(t; X0, yO)

4. UNIQUENESS SOLUTION OF
BOUNDARY SYSTEM (1).

The uniqueness solution of boundary system
(1) is stated by the following theorem.

Theorem 3. With all conditions and hypotheses
of previous theorem (4), the solution of
boundary system (1), is a unique of (20) and
(210).

Proof. Let r(t,xq,v,) and w(t,xy,y,) be
another a solutions of (1), that is

— Ayt t Aa,(t-s) —
r(t, x0,¥0) = xge™1t + [ e (Z1,r(5)
fA,r(t:r(tr X0, yO)rW(t' xO'yO):ur(t)) +
¢, (%0, 0)) ds,

with 7(0, xo, ¥0) = X, Z1+(s) = B1(s)r(s) +
(A2 + Bo())w(s) + f(s,7(s), w(s), ur(s)),

W(t, X0, y()) = yOeCZt + fot eCZ(t_S) (ZZ,T(S) -
gA_w(t; T(t, X0, yO)J W(t' X0, yO)I vr (t)) +
¢, (tx0,y0)) ds,

with w(0, xg, Vo) = vo. m = 0,1,2, ....

We have

|l (t, x0,¥0) — 1 (t, X0, YOl <

el 41l -4, el Aalt—ry
g\ O+

ll44ll(e 1 ir])
<F3 + thT(e||A1||T—||A1||Te“A1||t_”I||)> (h1 +

hy (Hy ()" ((57 (e —

Y
er)en)) ) Ix(® o)
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elArlT_| 4, el Anlie_y
LT IALT 7 A =111

<||A2 + B, (DIl +

e (ry+

ll4, lI(eMA1lt—|i 7))
Ry tT(ellAalT—|| 4, |ITellAdlE—| 1)) (h2+

hy (Hy(0)") (2% (e -

(r1)?

14
e—nb)em)> ) ly(®) = w(®ll.

llx (¢, %0, y0) — 7(t, X0, o)l
< (pl(T)”x(t: X0, yO) - r(tl xo:}’o)”
+ @2(Dly (¢, x0,¥0)

— w(t, xo, yo)ll. ... (48)

To achieve the norm bellow, the same

procedures are followed. Thus

ly (t, x0,¥0) — w(t, X0, ¥0)l
< @3(T)Ix(t, x0,y0) — (t, x0, Yol
+ @ (M) ly(t, x0,¥0)

— w(t, xo, yo)ll. .. (49)

We receive a vector form, from (48) and (49) as
follows:

<||x(t, X0,Y0) — r(t, x0,Yo)ll ) <
ly(t, x0, y0) — w(t, x0, y)II/ ~
(‘Pl )

p3(T)  @a(T)

Hence from condition (38), the greatest Eigen
value of, ¢, (T)’s matrix is less than one, thus
we deduce that, x(t) = r(t) and y(t) = w(t).
This implies that the boundary system (1) has a
unique solution.

5. EXISTENCE OF THE FUNCTIONS Af
AND Ag OF BOUNDARY SYSTEM (1).

The existence solution of the boundary

system (1) is uniquely linked with the
existence of zeros of the functions
Af(t, xO,yo) € Dfl X Dgl - R and

Ay (t,%0,Y0) € Dyz X Dgy = R defined by (4)
and (8) respectively. Therefore the function
sequences (26) and (27) are obtained from the
approximate solutions (3) and (7).

Theorem 6. Assuming that all of theorem (4)'s
assumptions and conditions are fulfilled, the
following inequality holds:

P (T)) (llx(t, Xo,Y0) — 7(t, X0, Yol )
||}’(t; X0, yO) - W(tr X0, yO)” '
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<||Af(t: X0,Y0) — Brm(t, xo»)’o)”) <
”Ag(t' X0, yO) - Ag,m(tl xO'yO)” B

-1
hep (1) (1= 9, (M) 0,(T), ... (50)

where,
'Ql(T) =
0,(T) (d1 —xoT? + il—;l (e™na — e‘ylb)ele)
+¢1 (TR, TH*{(T)
5
0,(T) <d2 —yoT? + %(b - a))
+¢,(T) RZTII_II*ZII(T)
A
, u= (U ), W = e”‘“”—Tl—IIIH and u, =
[
P [ gy for allm = 0.

Proof. From the equations (3) and (22) we have

|Af (&, x0,70) = Ap i (t, 0, ¥0) || <

Ay (eMT-1-TaeM1t T 4 (7_g)
eAlT—I< (€A1T—TA1—I) fO et (Zl(s) -

Zim (s)) ds +

TA2 t _
—(eAlT—’Il"Al—I) [y M=) (zl(s) _

Zl.m(s)) dS|| + T(eIIA1II7|"|I_471~||||A1||_||1||) ” (u(T) -

un (D) ||

[ 4, IRyt (el AtlT—T| 4, |leM4alt—r))
= el (elAlT—T|a - N111)
T||A4lI*Rqt

eTALTT 7 |[ A, [[—IIT] |(Zl(s) - Zlfm(s))” +

|4, |IR,T (e”Al”T—T||A1||e“A1“f—||1||)] ”(z (s)
ATy (elAIT—T )4y~ |I11]) 1

)] -

1AL IRt (e”Al”T—T||A1||e”A1”t—||I||):| || (Z (S) B
ellA1lIT_ g (eHAlHT—T||A1||—||I||) 1

Zl,m(s)) || + T(eIIA1II7|"|f71~||||A1||_||I||) ” (u(T) -

um (D)

< Ry Tpy(8) <||Bl(t)|| + T, + (r3 n
01(t) N )
Rics®) ((h1 +hy(H(0)") (55 (e -

14
e‘hﬂe”)) ) s (6 = xol +

Ry T, (t) <||A2 +B,(OI + T, + (F3 +
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01(t)

W) ((hz + h3 (Hl (t))y) ((]/511)2 (e_yla _

Y
e‘h")e”)) ) ACEEA

”Af(t' xO'yO) - Af,m(t' X0, yO)” <
1101 (O x (@) = xm O + 10Oy (®) —

ym @Ol .. (51)
We get the same results under the same
inequality and constraints and by doing the

same steps

|84 (¢, %0, ¥0) — Agm (t, %0, ¥0) || <
201 (ONx (@) = X Ol + 02Oy () —
ym (OIl. ..(52)

Rewrite (51) and (52) in a vector form as:

<||Af(t’ X0,Y0) — Drm(t, xod’o)”)
”Ag(t; xO'YO) - Ag,m(t: xO'yO)”
(#1<P1(t) M1<Pz(t)) (le(t) - Xm(t)”)
o1 (D) U2 (8)) \ly (@) — ym (O’
(”Af(t» X0,Y0) — Drm(t, xo:)’o)”) <
”Ag(t' X0, yO) - Ag,m(t' xO!yO)” a

-1
uop (1) (1= 9, (M) 0, (1.

Thus, we conclude that from above vector and
also the periodic functions Af(t,xo,y,) and
Ay (t,%0,Y0), 3 an isolated singular points such
that Ar(t, x,¥0) = 0 and A4(t, xo,¥0) = 0, i.
e. the boundary system (1) has periodic
solutions x(t, xq, Vo) and y(t, xq, Vo).

Theorem 4. Assume that the boundary system
(1) is defined on the intervals a < x < b and
c<y<d Then for m > 1 the vector
function  sequences  Ag.,(t,xo,¥0) and
Agm(t,xo,¥0), which are defined in (27) and
(33) satisfy the following inequalities:

a1+91r23g2b1—31 Af,m (t’ o, yO) = _wlm\
cit+eysys<dq—e, }

max X Af,m(tv xO:yO) = Wim

a,+e;<x<b;-e
citey<y<di—e,

. (53)
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min
a,+e;<x<b;—eq
cl+e,<y=<d;—e,

max A t,x = w
a,+e;<xsbi—eq g,m( ’ O:YO) im
cl+e,<y=<d;—e,

Ag,m (t, X0, }’0) < —W1im

.. (54)

So the boundary system (1) has a solutions, x =
x(tl xO»yO) and y = y(t, X0, yO) such that

Xo € [al + 04(0) (dl — xoT? +%(e"’1“ -
1
e_hb)ehT) + ¢ (OR tH* 1 (t), by —
8181 [ _
01(6) (dy = xoT? + 25 (e711% —

e"’lb)ele) + ¢, ()R tH* (t)]
.. (55)

and
2, 026
Yo € [01 +0,(t) <d2 —YoT +y_2(b -
a)) + 62 (DR tH 5 (1), dy — 02(t) <d2 -
2 6252 *
Yol + Y_z(b - a)) + ¢ ()R, tH z(t)]-

..(56)

Proof. Consider the points x; and x, be defined
[a1 +0,(t) (d1 —xoT? +
%181 (p-11a _ p=v1b)pniT

ylz(el el)el)+
¢1(ORtH" 1 (t), by — 041 (t) (d1 —xoT? +

) — _
%(e ria _ e ylb)ele) +

n interval,

¢1 (R tH *1(t)], also y; and y, be defined in

interval [Cl +02(t) <d2 —yoT? + %(b -
2

yoT? + %(b — a)) + Cz(t)thH*Z(t)]’
2
such that

min
a,+e;sxsb;—eq
c1tey<y<d;,-—e,

A t,x = max
f,m( ’ 1,}71) a,+e;sxs<b;—eq
citeysy<d;—e,

Apm(t, x1,y1) = Arm (2, xm)’o)l

Af,m(t! X0, yO)

: .(57)
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min
a,+e;<x<b;—eq
citey<y<d;-—e,

A t,x = max
g,m( ! 1;}/1) a,+e;sxsb;—eq
citey<y<d;,-—e,

Ag,m(tr X1, J’1) = Ag,m(tl xo'YO)

Ag,m (t, X0, yO)

..(58)

From the inequalities of system (50), we obtain
that

Af (t) xll }71)
Ar(t, x4, 71)

/ Af,m(tl x1;}’1) + \
1 (Af(t: x1.}’1) - Af,m(tl x1.}’1)) < 0 i (59)
| A (6,x1,¥1) + |
\(Af(t» X1,¥1) — B (2, x1:3’1)) > 0)
<Ag(t. xl.y1)> )

Ag(t: X1, yl)
/ Ag,m(t: xl:)’l) + \\

(Ag (tl x1;}’1) - Ag,m(tl xb}’l)) <0 | (60)

Ag,m(t: X1, }’1) +
\(Ag (t,x1,y1) — Dgm (&, x1,}’1)) > 0/

and from the continuity of the functions
Ap(t,x9,y0) and Ay(t,x0,y0) also the
inequalities (59) and (60), 3 an isolated singular
points (x%,¥°) = (xo,¥0), x° € [x1,x,] and
y° € [y1,¥2]  where, Af(t,x9,y0) and
Ay(t,x0,y0) are equal to zeros, thus the
boundary system (1) has a solutions x =
x (¢, x9,0) and y = y(t, %o, ¥o) -

Remark 1. Theorem 4 is proved when x; are
Yo are scalar singular points which should be
isolated.

6. CONCLUSIONS

We investigate a solutions for non-linear
system of boundary value problems by using
the numerical analytic method, which was
introduced by Samoilenko, These
investigations lead us to improving and
extending the above method. Also we expand
the results obtained by Samoilenko to change
the system of non-linear integro- differential
equations with initial condition to a system of
non-linear integro- differential equations with
boundary conditions.
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