Jurnal Matematika Vol. 6 No. 2, Desember 2016. ISSN: 1693-1394

CR- Submanifolds of a Nearly Trans-Hyperbolic
Sasakian Manifold with a Quarter Symmetric
Semi Metric Connection

Shamsur Rahman
Department of Mathematics,
Maulana Azad National Urdu University Polytechnic,
Darbhanga (Campus) Bihar 846001 India
e-mail: shamsur@rediffmail.com

Abstract: The object of the present paper is to initiate the study contact CR-
submanifolds of a nearly trans-hyperbolic Sasakian manifold with a quarter
symmetric semi metric connection. For this, some properties of CR- submanifolds
of a nearly trans-hyperbolic Sasakian manifold with a quarter symmetric semi
metric connection are investigated which conclude that CR- submanifolds of a
nearly trans-hyperbolic Sasakian manifold with a quarter symmetric semi metric
connection exists with respect to the é—horizontal and é—vertical.
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1. Introduction

Bejancu [1] defined the notion of CR-submanifolds of a Kaehler manifold in [2].
After that a number of authors have studied these submanifolds ([10], [13], [14], [18]).
Upadhyay and Dube [15] have defined almost contact hyperbolic (f, g, n, £) -structure,
Dube and Mishra [5] have considered Hypersurfaces immersed in an almost hyperbolic
Hermitian manifold also Dube and Niwas [6] worked with almost r-contact hyperbolic
structure in a product manifold. Gherghe studied on harmonicity on nearly trans-Sasaki
manifolds [7]. Bhatt and Dube [3] studied on CR-submanifolds of trans- hyperbolic
Sasakian manifold. Joshi and Dube [9] studied on Semi-invariant submanifold of an
almost r-contact hyperbolic metric manifold. Gill and Dube have also worked on CR
submanifolds of trans-hyperbolic Sasakian manifolds [8].

Let V be a linear connection in an n-dimensional differentiable manifold M. The
torsion tensor T and the curvature tensor R of V are given respectively by [4]

T(X,Y) = VyY — VX — [X,Y]

R(X,Y)Z = VyVyZ —VyVyZ — V2
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The connection V is symmetric if the torsion tensor T vanishes, otherwise it is non-
symmetric. The connection V is metric if there is a Riemannian metric g in M such that
Vg = 0, otherwise it is non-metric. It is well known that a linear connection is
symmetric and metric if and only if it is the Levi-Civita connection. In [17], S. Golab
introduced the idea of a quarter-symmetric connection. A linear connection is said to be
a quarter-symmetric connection if its torsion tensor T is of the form

TX,Y) = n(Y )X — n(X)¢Y,
where n is a 1-form. In [11], M. Ahmad, J. B. Jun and A. Haseeb studied some
properties of hypersurfaces of an almost r-paracontact Riemannian manifold with
quarter symmetric semi metric connection. In [12], M. Ahmad, C. Ozgur and A. Haseeb
studied properties of hypersurfaces of an almost r-paracontact Riemannian manifold
with quarter symmetric non-metric connection.

In this paper, CR-submanifolds of a nearly trans-hyperbolic Sasakian manifold
with a quarter symmetric semi metric connection are investigated. Parallel distribution
relating to &-vertical CR-submanifolds of a nearly trans-hyperbolic sasakian manifold
with a quarter symmetric semi metric connection are also discussed.

2. Preliminaries

Let M be an n dimensional almost hyperbolic contact metric manifold with the
almost hyperbolic contact metric structure (¢, &,n, g) where a tensor ¢ of type (1, 1), a
vector field &, called structure vector field and n, the dual 1-form of is a 1-form &
satisfying the following

1) X =X-n)§ g&X & =nX)

22) ¢ =0, nop=0, n)=-1

23) 99X, 9Y) = —g(X,Y) —n(X)n(Y),

for any X, Y tangents to M [4]. In this case

24)  g(@XY) = —g(X,¢Y)

An almost hyperbolic contact metric structure (¢,&,1,9) on M is called trans-
hyperbolic Sasakian [6] if and only if

2.5)  (Vxp)Y = a{g(X,Y)§ —n(V)pX} + B{g(9X,Y)E —n(Y)pX}
for all X, Y tangents to M and a, 8 are functions on M. On a trans-hyperbolic Sasakian
manifold M, we have

(2.6)  Vxé =—a(pX) + p{X —n(X)§}

a Riemannian metric g and Riemannian connection V.

Further, an almost contact metric manifold M on (¢,¢&,7,g) is called nearly trans-
hyperbolic Sasakian if [5]
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2.7 (Vx)Y + (Vyd)X = a{2g(X,V)§ —n(V)pX —n(X)9Y} — B{n(X)pY +
n(Y)pX}
On other hand, a quarter symmetric semi metric connection V on M is defined by
(2.8)  Vx¥ =Vi¥ —n(X)PY + g(¢X,Y)§
Using (2.1), (2.2) and (2.6) in (2.5) and (2.6), we get respectively
2.9)  (Vxp)Y = a{g(X,Y)§ —n(V)$X}
+B{9(@X,Y)§ —n(¥V)PpX} — g(X,Y)§ —n(On(¥Y)$
(210)  Vxé = —apX + p{X —n(X)§}
In particular, an almost contact metric manifold M on (¢,&,7, g) is called nearly trans-
hyperbolic Sasakian manifold M with a quarter symmetric semi metric connection if
(211)  (Vx)Y + (VyP)X = a{2g(X, V)¢ — n(Y)pX —n(X)pY} — f{n(X)pY +
n(ex} —2n(X)n(¥)§ — 29X, Y)¢
Now, let M be a submanifold immersed in M. The Riemannian metric induced on M is
denoted by the same symbol g. Let TM and T+ M be the Lie algebras of vector fields
tangential to M and normal to M respectively and V be the induced Levi-Civita
connection on M, then the Gauss and
Weingarten formulas for the quarter symmetric semi metric connection are given by
(2.12) VY = V¥ + h(X,Y)
(2.13) VxN = —AyX + VxN — n(X)$N
for any X,Y e TM and V e TtM, where V* is the connection on the normal bundle
T+M, h is the second fundamental form and A is the Weingarten map associated with
N as
(2.14) g(AnX,Y) = g(h(X,Y),V)
Forany x e M and X € TyM, we write
(2.15) X = PX + QX
where PX e D and QX € D*.
Similarly for N normal to M, we have

(2.16) ®N = BN + CN
where BN (respectly CN) is the tangential component (respectly normal component) of

®N.

Definition. An m dimensional Riemannian submanifold M of M is called a CR-
submanifold of M if there exists a differentiable distributionD : x — Dy on M
satisfying the following conditions:

(i) D is invariant, that is ¢ Dy < Dy for each x e M,
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(ii) The complementary orthogonal distribution D+: X — Dy c TyM of D is anti-
invariant, that is, ¢D3 < T¢M for each x e M. If dim Dz = 0 (respectly dimDy = 0),
then the CR-submanifold is called an invariant (respectly, anti-invariant) submanifold.
The distribution D (respectly, D1 ) is called the horizontal (respectly, vertical)
distribution. Also, the pair (D,D1) is called & -horizontal (respectly, vertical) if

&y € Dy_(respectly, &y € Dy ).

3. Some Basic Lemmas
Lemma 1. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold
M with a quarter symmetric semi metric connection. Then
(3.1) PVyx(¢pPY) + PV, (¢pPX) — PAgoyX — PAgoxY
=2(a = DgX, V)P —an(Y)PPX — an(X)pPY — fn(Y)$PX — n(X)pPY
—4An(X)n(Y)PE + ¢PVyY + ¢pPVy X
(32) QVx(¢PY) + QVy(¢PX) — QAgorX — QAgoxY
= 2Bh(X,Y) + 2(a — Dg(X,Y)Q§ — an(Y)$pQX — an(X)pQY
+n(X)QY +n(¥)QX — 4n(X)n(¥)Q¢
(3.3) h(X,¢pPY) + h(Y,pPX) + D5¢pQY + D3 QX
= $QVyX + pQVxY + 2Ch(X,Y) — fn(Y)PQX — fn(X)pQY
forany X,Y e TM.
Proof. Using (2.4) (2.9), and (2.10) in (2.11) we get
(Vx@PY) + h(X, pPY) — ApoyX + Dx$QY — ¢(VxY) — ph(X,Y) —n(X)QY
+n(XNY)E + (VydPX) + h(Y, $PX) — AgoxY + DFPQX — p(VyX)
—ph(Y, X) —n(V)QX + n(X)n(¥Y)§ = af{2g(X,Y)§ —n(Y)pX —n(X)$Y}
—BnCOPY +n(Y)pX} — 2n(X)n(¥Y)§ — 29(X,Y)¢
Again using (2.15) we get
(3.4) P(Vx¢PY) + P(VypPX) — PAgoyX — PAgpoxY — pPVyY — nX)Qy
—PQVxY — ¢PVyX — pQVy X + Q(VxpPY) + Q(VypPX) + 2n(X)n(Y)PE
+2n(XON(Y)QE — QAgorX — QAgexY + h(X, $PY) + h(Y, pPX) + DxQY
—n(Y)QX + Dy pQX — 2Bh(X,Y) — 2Ch(X,Y) = 2ag(X,Y)P& +
2ag(X,Y)Q¢
—an(Y)$PX — an(Y)pQX — an(X)pPY — an(X)¢QY — pn(X)pPY
—Bn(X)PQY — pn(YI)PPX — pn(Y)PQX — 2n(X)n(Y)P§ — 2n(X)n(Y)Q¢
—29(X,Y)P§ —29(X,Y)Q¢
forany X,Y e TM.
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Now equating horizontal, vertical, and normal components in (3.4), we get the desired
result.

Lemma 2. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold
M with a quarter symmetric semi metric connection. Then

(3.5) 2(Vx)Y = Vy¢Y — VydX + h(X, ¢Y) — h(Y,$X) — ¢[X,Y]
+a{2g(X,Y)§ —n(Y)pX —n(X)¢Y} — B{n(X)pY + n(¥)pX}
—2n@On(¥)$ — 29X, Y)§

(36)  2(Vyp)X = a{2g(X,Y)§ —n(Y)pX —n(X)¢Y} — f{n(X)pY +n(Y)$X}
—2n(Xn(¥Y)§ — 29X, Y)§-VxdY + VypX + h(X, pY) + h(Y, $X) +
PIX,Y]

Proof. From Gauss formula (2.12), we have

(3.7)  VyxdY —VypX = VydpY + h(X, pY) — Vy X — h(Y, pX)

Also we have

(38) VoY —VyppX = (Vxp)Y — (Vyd)X + ¢[X,Y]

From (3.6) and (3.7), we get

(3.9)  (Vx@)Y — (Vy@)X = VxdY + h(X, dY) — VypX — h(Y, $X) — ¢[X, Y]

Also for nearly trans-hyperbolic Sasakian manifold M with a quarter symmetric semi

metric connection, we have

(3.10)  (Vx®)Y + (Vy)X = a{2g(X,Y)§ —n(Y)pX —n(X)pY} — f{n(X)$Y +
n(NeX} —2nXOn(¥Y)§ — 29X, Y)§
Adding (3.9) and (3.10), we get
2(Vxd)Y = Vx@Y — VypX + h(X,¢Y) — h(Y, ¢X) — ¢[X, Y]
+a{2g(X,Y)§ —n(Y)pX —n(O¢Y} — B{n()¢Y +n(¥)pX}
—2n(Xn(¥Y)¢ - 29X, Y)$
Subtracting (3.9) from (3.10) we get
2(Vy)X = a{2g(X,Y)§ — (V)X —n(X)pY} — B{n(X)9Y + n(¥)pX}
—2n(X)n(¥Y)§ — 29X, Y)§—VxpY + VypX — h(X, PY) +
h(Y,$X) + ¢[X, Y]
Hence Lemma is proved.
Lemma 3. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold
M with a quarter symmetric semi metric connection, then
2(Vy9)(2) = AgyZ — ApzY = Vz@Y + VydZ —n(V)Z + n(2)Y — ¢[Y,Z]
+a{2g(Y,2)§ —n(Y)@Z —n(Z)¢Y} — Bin(V)PZ + n(Z)PY}
—2n(Y)n(2)§ —29(Y,Z)¢
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2(Vz9)Y = a{2g(Y,2)¢ —n(N)PZ —n(Z)pY} — BIn(V)PZ + n(Z)$pY} —
2n(Yn(2)§ —2g(Y,Z2)§ — ApyZ + ApzY +n(V)Z —n(2)Y +
VzpY — VydZ + ¢[Y, Z]
foranyY,Z e D*.

Proof. From Weingarten formula (2.13), we have

(B1L)  V,dY —Vy@Z = AgyZ — ApzY + V3§ dZ — VY —n(Y)Z + n(2)Y

Also, we have

(312) VY = VyoZ = (Vy$p)Z — (V)Y + ¢[Y, Z]

From (3.11) and (3.12), we get

(313) (Wwd)Z — (V7)Y = AgyZ — ApzY + VydpZ — V3 —n(V)Z +n(2)Y —

plY, Z]

Also for nearly trans-hyperbolic Sasakian manifold M with a quarter symmetric semi

metric connection, we have

(3.14) (WwP)Z + (V)Y = a{2g(Y,2)§ —n(V)PZ —n(Z)¢pY} — BIn(V)PZ +

n@2)eY}r —2n(Y)n(2)¢ —29(Y,Z)¢
Adding (3.13) and (3.14), we get
2(Vy9)(2) = AgyZ — ApzY — Vz@Y + VydZ — LY, Z] —n(Y)Z + n(2)Y

+a{2g(Y,2)§ —n(Y)pZ —n(Z)pY} — B{n(Y)PZ + n(Z)$Y}
—2n(Mn(2)¢ —29(Y,2)¢

Subtracting (3.13) from (3.14) we get

2(Vz9)Y = a{2g(Y,2)§ —n(Y)PZ —n(Z)¢pY} — fin(V)$Z + n(Z2)pY} —

2n(NN(2)¢ —2g(Y,2)¢ — ApyZ + ApzY + Vz9Y — VypZ +
nY)z —n(Z)Y + ¢lY,Z]

This proves our assertions.

Lemma 4. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold
M with a quarter symmetric semi metric connection, then

2(Vx )Y = a{2g(X,Y)¢ —n(V)pX — n(X)pY} — B{n(V)pX + n(X)pY}
—2n(X)n(Y)E = 2g(X,Y)E — AgyX + VxpY —n(X)Y +
nXn(¥)¢ —VypX — h(Y,$X) — ¢[X,Y]

2V )X = af2g(X, V)¢ —n(NpX —n(X)pY} = B{n(V)pX + n(X)pY}
=2n(XIN(Y)E — 2g(X,Y)E + ApyX — V@Y + n(X)Y —

nn¥)§ +VydpX + h(Y,dX) + ¢[X,Y]
forany X e Dand Y € D*.
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Proof. By using Gauss equation and Weingarten equation for X e D and Y e D+
respectively we get
(3.15)  VxdY —VydpX = —AyyX + VxdY —n(X)Y + n(XIn(Y)¢ — VypX —
h(Y, $X)
Also, we have
(316)  VyxoY —VypX = (Vxp)Y — (Vyd)X + ¢[X,Y]
From (3.15) and (3.16), we get
(3.17)  (Vxp)Y — (Vy@)X = —AgyX + VxdY —n(X)Y + n(Xn(¥Y)§
Also for nearly trans-hyperbolic Sasakian manifold M with a quarter symmetric semi
metric connection, we have
(3.18) (Vxp)Y + (Vyp)X = a{2g(X,Y)¢ —n(Y)pX —n(X)pY} — B{n(X)pY +
n(¢x} —2n(Xn(¥)§ — 29X, Y)¢
Adding (3.17) and (3.18), we get
2(Vx)Y = a{2g(X,Y)§ —n(Y)pX —n(X)pY} — B{n(Y)pX + n(X)pY}
—2n(X)n(Y)E = 2g(X,Y)E — AgyX + VxpY —n(X)Y +
n(Xn(¥)§ —VyeX — h(Y, ¢pX) — ¢[X,Y]
Subtracting (3.9) from (3.10) we get
2(Vy )X = a{2g(X,Y)§ —n(Y)pX —n(X)pY} — B{n(Y)pX + n(X)pY}
—2n(X)n(Y)E = 2g(X,Y)E + AgyX — VY +n(X)Y —

n(Xn(Y)§ +VydX + h(Y, ¢X) + ¢[X,Y]
Hence Lemma is proved.

4. Parallel Distributions

Definition. The horizontal (respectly, vertical) distribution D (respectly, D) is said to
be parallel [1] with respect to the connection on M if VY € D (respectly, V,W e D1)
for any vector field X, Y € D (respectly, W, Z € D).

Proposition 1. Let M be a &-vertical CR-submanifold of a nearly trans-hyperbolic
Sasakian manifold M with a quarter symmetric semi metric connection. If the horizontal
distribution D is parallel, then

(4.1) h(X,¢Y) =h(Y,dX)

forall X, YeD.

Proof. Using parallelism of horizontal distribution D, we have
(4.2) Vxo¢YeD, Vy¢pXeD foranyX, Y eD.
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Thus using the fact that X = QY = 0 forY € D, (3.2) gives

(4.3) Bh(X,Y)=g(X,Y)Q¢ forany X, YeD.

Also, since

(4.4) ¢h(X,Y) = Bh(X,Y) + Ch(X,Y),

then

(45) oh(X,Y) =9gX,Y)Q¢ + Ch(X,Y) forany X, Y € D.

Next from (3.3), we have

(4.6) h(X,¢Y)+ h(Y,¢pX) = 2Ch(X,Y) = 2¢h(X,Y) — 29(X,Y)Q¢,
forany X, Y e D. Putting X = ¢X € D in (4.6), we get

(4.7) h(@X, oY) + h(Y,¢?X) = 2¢h(pX,Y) — 2g($X,V)Q§

or
(4.8) h(¢X,¢Y) — h(Y,X) = 2¢h(¢pX,Y) — 29(¢X,Y)QS
Similarly, putting Y = ¢Y € D in (4.6), we get

(4.9) h(gY,¢X) — h(X,Y) = 2¢h(X, ¢pY) — 29(X, pY)QS.
Hence from (4.8) and (4.9), we have

(4.10) Ph(X,dY) — dh(Y,dX) = g(X, dY)Q¢ — g(9X,Y)0QS
Operating ¢ on both sides of (4.10) and using ¢& = 0, we get
(4.11) h(X,¢Y) = h(Y, pX)

forall X, YeD.

Now, for the distribution D+, we prove the following proposition.

Proposition 2. Let M be a &-vertical CR-submanifold of a nearly trans-hyperbolic
Sasakian Manifold M with a quarter symmetric semi metric connection. If the
distribution D+ is parallel with respect to the connection on M, then

(412) AgyZ +ApsY € DY foranyY,Z e D*.
Proof. Let,Z e D!, then using Gauss and Weingarten formula (2.10), we obtain
(4.13) —AgpzY + VipZ —n(Y)Z + n(Y)n(Z2)é — AgyZ + VzpY —n(2)Y +

n(Zn(¥)§
= ¢VyZ + oh(Y,Z) + ¢V;Y + oh(Z,Y) + af2g(Y,2)¢ — n(Y)pZ —

()Y} —pn(PZ +n(2)$pY} — 2n(Y)n(2)§ — 2g9(Y, Z)§
forany Y,Z e D*. Taking inner product with X € D in (4.13), we get
(4.14)  g(ApyZ,X) + g(ApzY. X) = g(VyZ,$X) + g(V;Y, $X)
If the distribution D+ is parallel, then Vy,Z € D+ and V,Y € D+, forany Y,Z ¢ D*.
So from (4.14) we get

(4.15)  g(ApyZ, X))+ g(ApzY,X) =0 or (413) g(AgyZ +ApzY,X) =0

75



Jurnal Matematika Vol. 6 No. 2, Desember 2016. ISSN: 1693-1394

which is equivalent to
(4.15)  AyyZ +AypY e Dt forany Y,Z € D+
and this completes the proof.

Definition : A CR-submanifold M of a nearly trans-hyperbolic Sasakian Manifold M
with a quarter symmetric semi metric connection is said to be totally geodesic if
h(X,Y) = 0forXe D andY e D*.

It follows immediately that a CR-submanifold is mixed totally geodesic if and only if
AyXeD foreachXeDand NeT*M.

Let X e D and Y € ¢pD*. For a mixed totally geodesic &-vertical CR-submanifold M of a
nearly trans hyperbolic Sasakian Manifold M with a quarter symmetric semi metric
connection then from (2.9), we have

(VX¢)N =0
Since Vy¢pN = (Vy¢p)N + ¢(VyN) sothat VydpN = ¢p(ViN).
Hence in view of (2.13), we get

VydN = —AgnX + VEdN = —pAyX + PVEN
AsAyX eD, pAyX € D,so ¢pVxN = 0 if and only if Vy¢pNe D.
Thus we have the following proposition.

Proposition 3. Let M be a mixed totally geodesic &-vertical CR-submanifold of a nearly
trans hyperbolic Sasakian Manifold M with a quarter symmetric semi metric
connection. Then the normal section N € ¢ D+ is D parallel if and only if Vx¢N e D for
all XeD.

5. Conclusion

The notion of CR- submanifolds of a nearly trans-hyperbolic Sasakian manifold
with a quarter symmetric semi metric connection investigated which shows that the
existence of a parallel distribution relating to ¢-vertical CR-submanifolds of a nearly
trans-hyperbolic sasakian manifold with a quarter symmetric semi metric connection.
Further | have tried to find the condition under which the distributions required by CR-
submanifolds of a nearly trans-hyperbolic Sasakian manifold with a quarter symmetric
semi metric connection are parallel are obtained. D-parallel normal section have been
also studied.
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