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Abstract: Soft set theory is seen as an effective mathematical tool in solving problems
involving uncertainty, and has been applied in many theoretical and practical areas since its
introduction. The basic concept of the theory is soft set operations. In this context, in this
paper, a new kind of soft set operation called complementary extended soft set operation is
defined to contribute to the theory. The properties of the operation are examined in detail
together with its distributions over other soft set operations to obtain the relationship
between complementary extended intersection operation and the others. We demonstrate
that the collection of soft sets over with a fixed parameter set, along with the complementary
extended intersection operation and other certain types of soft sets, form many well-known
and important algebraic structures in classical algebra, including semiring, hemiring,
Boolean ring, Boolean Algebra, De Morgan Algebra, Kleene Algebra, and Stone Algebra.
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1. Introduction

People have searched for different solutions over time to solve complex problems
involving uncertainty that they encounter in their daily lives. However, existing methods
have differed in solving new complex problems that arise under changing conditions.
Among the theories put forward to cope with uncertain situations, the theory of fuzzy sets
proposed by Zadeh is the most well-known one. Fuzzy set is defined through the
membership function. In the rapidly developing fuzzy set theory, some structural problems
emerged. Molodtsov (1999) proposed soft set theory far from these structural problems.
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Since the soft set was introduced, it has found a place in many theoretical and practical
fields and many new studies have been published in the literature. Maji et al. (2003) paved
the way for new studies in soft set theory by defining the equality of two soft sets, subset
and superset of a soft set, complement of a soft set, soft binary operations such as and/or
product, and union and intersection operations for soft sets. Pei and Miao (2005) redefined
the concepts of soft subset and intersection of two soft sets based on set theoretical
concepts. Then, Ali et al. (2009) proposed some new soft set operations and Sezgin and
Atagiin (2011) and Ali et al. (2011) analyzed these soft set operations in detail. Sezgin et
al. (2019) and Stojanovic (2021) defined extended difference and extended symmetric
difference of soft sets and studied their properties in detail in relation to other soft set
operations, respectively.

When the studies conducted so far are analyzed, it is seen that soft set operations
generally proceed under two main headings as restricted soft set operations and extended
soft set operations. Eren and Calisict (2019) defined the soft binary piecewise difference
operation for soft sets and examined its properties, and Sezgin and Calisic1 (2024) studied
the properties of this operation in detail. Cagman (2021) proposed the definitions of
inclusive complement and exclusive complement of sets as a new concept of set theory,
and applied these concepts to group theory. Sezgin et al. (2023a) introduced five new
binary complement concepts similar to the binary complement operations in Cagman
(2021). Inspired by the new set operations defined in this study, Aybek (2024) proposed
many new restricted and extended soft set operations and analyzed their properties.
Moreover, the form of soft binary piecewise operation, the pioneer of which is Eren and
Cagman (2019), was slightly modified by taking the complement of the image set in the
first row, and thus the complementary soft binary piecewise operations have been studied
in detail by various researchers (Sezgin and Aybek, 2023, Sezgin and Demirci, 2023;
Sezgin and Sarialioglu, 2024; Sezgin and Yavuz, 2023a; Sezgin, Aybek, Sezgin and
Atagiin 2023; Sezgin et al. 2023b). Akbulut (2024) and Demirci (2024), on the other hand,
modified the form of the existing extended soft set operations in the literature by taking
the complement of the image set in the first and second rows and defined the
complementary extended difference, lambda and union, plus and theta respectively, and
gave their algebraic properties and relations with other soft set operations. For other
applications of soft sets as regards algebraic structures, we refer to the followings:
(Cagman et al., 2012; Sezer, 2014; Mustuoglu et al., 2015; Sezer et al., 2015b; Sezgin et
al., 2017; Atagiin and Sezgin, 2018; Sezgin, 2018; Mahmood et al., 2018; Jana et al.,
2019; Ozlii and Sezgin, 2020; Sezgin et al., 2022).

Any specified operation(s) on a set together with that set form(s) an algebraic structure
(mathematical structure/mathematical system). Examining the characteristics of the
operation defined on a set is one of the most crucial mathematical problems in the
framework of algebra, which aims to categorize algebraic structures. In the framework of
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soft sets as algebraic structures, two main types of soft set collections are examined: A
class of soft sets with a fixed set of parameters is represented by the first, and a class of
soft sets with variable parameter sets is represented by the second. The ways in which
these two types of collections behave differ based on the extra steps taken. Just as
fundamental classical set theory operations are essential for soft sets, so too are notions
related to soft set operations.

In this paper, to contribute to the theory of soft sets, a new form of soft set operation
called complementary extended intersection, is introduced and its properties are discussed
in detail. The distribution of complementary extended intersection operation over other
types of soft set operations are analysed to obtain the relation of the operation with other
soft set operations, and it is shown that the complementary extended intersection operation
on a set of soft sets with fixed parameters form many algebraic structures that are well
known and highly important in classical algebra such as semiring, hemiring, Boolean ring,
Boolean Algebra, De Morgan Algebra, Kleene Algebra, and Stone Algebra with other
certain types of soft set operations.

2. Preliminaries

2.1. Definition Let U be the universal set, E be the parameter set, P(U) be the power set
of U, and let D € E. A pair (F, D) is called a soft set on U. Here, F is a function given by
F:D — P(U) (Molodtsov, 1999)

The definition of soft set, introduced by Molodtsov, was modified by Cagman and
Enginoglu (2010). Throughout this study, we use the definition of soft set proposed by
Molodtsov (1999). The set of all soft sets over U is denoted by Sg(U). Let K be a fixed
subset of E, then the set of all soft sets over U with the fixed parameter set K is denoted
by Sk(U).

2.2. Definition Let (F,D) be a soft set over U. If F(X)=0 for all XeD, then the soft set (F,D)
is called a null soft set with respect to D, denoted by @y,. Similarly, let (F,E) be a soft set
over U. If F(e)=0 for all XeE, then the soft set (F,E) is called a null soft set with respect
to E, denoted by @g (Ali et al., 2011).

A soft set can be defined as F: @ — P(U), where U is a universal set. Such a soft set is
called a null soft set and is denoted as @y. Thus, @y is the only soft set with an empty
parameter set (Ali et al., 2009).

2.3. Definition Let (F,D) be a soft set over U. If F(X)=U for all XeD, then the soft set
(F,D) is called a whole soft set with respect to D, denoted by Up. Similarly, let (F,E) be a
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soft set over U. If F(e)=U for all NEE, then the soft set (F,D) is called a whole soft set with
respect to E, denoted by Ug (Ali et al., 2009)

2.4. Definition Let (F,D) and (G,Y) be soft sets over U. If DEY and F(X) S€G(N) for all
RED, then (F,D) is said to be a soft subset of (G,Y), denoted by (F,D)E(G,Y). If (G,Y) is
a soft subset of (F,D), then (F,D) is said to be a soft superset of (G,Y), denoted by
(F,D)3(G,Y). If (F,D)E(G,Y) and (G,Y)E(F,D), then (F,D) and (G,Y) are called soft equal
sets (Pei and Maio, 2005)

2.5. Definition Let (F,D) be a soft set over U. The soft complement of (F,), denoted by
(F,D)" =(F",D), is defined as follows: for all NED, F'(X)=U-F(X) (Ali et al., 2009)

For more about inclusive complement and exclusive complement, we refer to Cagman
(2021) and Sezgin et al. (2023c); about restricted soft set operations, to Ali et al., (2009),
Sezgin and Atagiin (2011), and Aybek (2024); about extended soft set operations to Maji
et al. (2003), Ali et al. (2009), Sezgin et al. (2019), Stojanavic (2021), and Aybek (2024);
for more about complementary extended soft set operations to Akbulut (2024), Sarialioglu
(2024), and Demirci (2024); about soft binary piecewise operations to Eren and Calisici
(2019), Sezgin and Yavuz (2023b), Sezgin and Calisic1 (2024), and Yavuz (2024); about
comlementary soft binary piecewise operations to Sezgin and Demirci (2023), Sezgin and
Aybek (2023),Sezgin et al. (2023a,2023b), Sezgin and Atagiin (2023), Sezgin and Yavuz
(2023a), Sezgin and Dagtoros (2023), Sezgin and Cagman (2024), Sezgin and Sarialioglu
(2024), Sezgin and Sarialioglu (2024); about band, semilattice, a bounded semilattice, to
Clifford (1954); semiring and hemiring Vandiver (1934); lattice, Boolean algebra, De
Morgan algebra, and Stone algebra to Birkhoff (1967); about MV-algebra to Chang
(1959). Regarding graph applications and network analysis concerning possible soft set
applications, we refer to Pant et al. (2024).

3. Complementary Extended Intersection Operation

In this section, a new soft set operation called complementary extended intersection
operation of soft sets is introduced with its example, and its full algebraic properties are
analyzed by comparing it with the intersection operation in classical set theory. Besides,
its distribution rules are studied and many algebraic structures are obtained in the
collection of soft sets with a fixed parameter set with complementary extended soft set
operations and other types of soft set operations.
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3.1.Definition Let (F,Z), (G,C) be soft sets over U.The complementary extended
intersection operation (N) operation of (F,Z) and (G, C) is the soft set (H,K), denoted

%k
by (F,Z) N (G,C) =(H, K), where for all XeK=ZUC,
€
F (R), RezZ-C

H®X)=4{ G(X), ReC-Z
F(R)NG(R), RezNC

3.2. Example Let E={e,,e,.,es;,e,} be the parameter set and Z={e;,e3} and
C={e,, e3, e,} be two subsets of E, and U={h;,h;,h3,h,,hs} be the universal set. Let
(F.2)={(eq,{hy hs}),(e3, {hy,hz,hs ) }1(G,C)={( ez, {hy,hy.hs}),(e3,{hz,h3,h,}),(€4, {hs,

hS})}'Thenv (FoZ) ?‘iS(GaC):{( elo{h13h39h4})a (eZ:{ h27h3}):(e37{h2})v(e4'{h1:h21 h4-})}

3.3. Theorem (Algebraic Properties of Operation)

*
1) The set Sg(U) and Sz(U), where Z is a fixed subset of E, is closed under n.:
€

DIED)  (GO) (R *(E2) [ (GO (R

x
Proof : Firstly, let’s handle the left hand side (LHS). Let (F,Z2) n (G,C)=(T,ZuC),
€

where for all XeZUC,
F(R), Xez-C
TX)=1{ G(X), NeC-Z
F(RX)NG(X), XezZNC

*
Let (T,ZUC) n (H,R) = (M,ZUCUR), where for all ReZUCUR,
&€

T(R), X€E(ZUC)-R

M(R)=4 H (X), XER-(ZUC)

T(X)NH(X), KXEZUC)NR

Thus,

( F(X), Xe(Z-C)-R=ZNC'NR'
G(X), Xe(C-2)-R=Z'NCNR'
F'(R)UG'(X), X€E(ZNC)-R=ZNCNR'
M(X)={ H (X) XeR-(ZUC)=Z'NC'NR
F'(R)NH(X), X€E(Z-C)NR=ZNC'NR
G'(R)NH(X), Xe(C-Z)NR=Z'NCNR
L(FR)NG(X))NH(R), XE(ZNC)NR=ZNCNR
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Now let’s handle the right hand side (RFS) of the equation, Let
%k
(G,0) n (H,R)=(K,CUR). Here, for all NeCUR,
€
G (R), NEC-R

K®)=4 H(X), XER-C
G(X)NH(X), NeCNR

b
Assume that (F,Z) n (K,CUR) = (S5,ZUCUR), where for all NeZUCUR,
€

F(R), XeZ-(CUR)

S(X)={ K(N), XE(CUR)-Z

F(R)NK(R), REZN(CUR)

Thus,
(F(X), XeZ-(CUR)=ZNC'NR'
G(R), Xe(C-R)-Z=Z'NCNR
H(X), Xe(R-C)-Z=Z'NC'NR
S(R)=1 G'(X)UH'(R), Xe(CNR)-Z=Z'NCNR
F(R)NG'(R), XEZN(C-R)=ZNCNR'
F(R)NH'(R), XeZN(R-C)=ZNC'NR
LF(R)N(G(R)NH(R)), XeZN(CNR)=ZNCNR
*

It is seen that M= S. That is, in the set Sg(U), n does not have associative property.
€

However, we have the following:

VED [ G2 ) 12 =(F2)  (G2) (2]

* *
€ €
Proof: Firstly, we observe that the parameter set of the soft set on both sides of the
equation is ZUC, and thus the first condition of the soft equality is satisfied. Now let us
x
look at the LHS. Let (F,Z) n (G,C)=(H,ZuC), where for all ReZUC,
€
F(X), ReZ-C

H®)=1 G(X), NEC-Z
F(X)NG(X), RezZNC

*
Now let’s handle the RHS. Assume that (G,C) n (F,Z)=(T,CuZ), where for all
€

NeCuZ,
G (R), NeC-Z
TN)={ F(X), RezZ-C
G(R)NF(R), ReCNZ
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* *
Thus, it is seen that H=T. Similarly, it is easily seen that (F,Z) n (G,2)=(G,Z) n (F,.2).
€ €

That 1s
of E.
%k
5) (FaZ) nE(Faz):(Faz)

x
N operation is commutative in both Sg(U) and Sz (U), where Z is a fixed subset
€

*
Proof: Let (F.Z2) n (F,Z)=(H,ZuUZ), where for all XeZ, H(X)= F(X)NF(X)=F(X), and
€
*
so (H,Z)=(F,Z). That is, n is idempotent in Sg(U).
€
* *
6) (F5Z) N UZ:UZ N (F,Z):(F,Z)
€ €
*
Proof: Let Uz=(T,Z). Thus, for all ReZ, T(X)=U. Let (F,Z) n (T,Z) =(H,ZUZ), where
€

for all ReZ, H(X)= F(X)NT(X)= F(X)NU=F(X), and so (H,Z)=(F,Z). That is, in Sz(U), the

identity element of n. 1 the soft set.
€

3.3.1. Theorem: By 3.3 Theorem (1), (3), (4), (5) and (6), (SZ(U),;) is a commutative,

idempotent monoid, that is, a bounded semilattice, whose identity element is Uy, where

ZC E is a fixed set of parameters, Moreover, from 3.3 Theorem (2), ?:s cannot form a
semigroup as it is not associative in Sg (U). Thus, (Sg(U), ?:s) 1s a groupoid.

NED) [ 00 (F2)=0;.

Proof: Let @7 =(S,Z). Thus, for all ReZ, S(X)=@. Let (F,Z) ??8 (S,Z2)=(H,ZUZ), where
for all ReZ, H(X)= F(X)NS(NX)= F(X)N@P=0, and so (H,Z)= @7. That is, the absorbing
element of F.k]s in Sz(U) is the soft set @ .

8) (F,2) >ﬂ|<£ D= Dg ?;S(F,Z) =(F2Z2).

Proof: Let 9= (K, @) and (F,Z) Fi(K, ?)=(Q,U ©)=(Q,Z), where for all ReZ, Q(X)=
F'(X), and thus (Q,Z) = (F,Z)".

9) (F,2) ;1(F,Z)r =(F2Z) ﬁs(F,Z)z @.

Proof: Let (F,Z)" =(H,Z), where for all NeZ, H(X)=F'(X). Let (F,Z) Fis(H,Z)Z(T,ZUZ),
where for all ReZ, T(X)= F(X)NH(X)=F(X) NF'(X)=0, and thus (T,Z)= 0.
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10) [(F,Z) ??E(G,C)]r =(F,Z) i(G,C)r.

Proof: Let (F.Z) ;’: (G.C)=(H,ZUC), where for all ReZUC,

F(X), Xez-C
H®)={ G ), NEC-Z
F(RX)NG(X), ReZNC
Let (H,ZUC)" =(T,ZuUC), where for all ReZUC,
F(R), REZ-C
T(R)={ G(X), NEC-Z
F(X)UG'(R), ReZNC

Hence, (T,ZUC) =(F,Z)" :Jk (G,0O).
11) (F,Z2) ?; (G, 2)=U; &(F,Z) = (G,Z) = Uy.

%
Proof: Let (F,Z) - (G,Z) = (T,ZUZ), where for all ReZ, T(X)=F(X)NG(X). Since
N
€

(T,Z)= Uy, T(X)=U for all XeZ, and thus, F(X)NG(X)=U for all XeZ. So, F(X)=G(X)=U
for all X € Z. Hence, (F,Z) = (G, Z) = Ujy.

%k ~ ~
12) (F,7) [, (GZ) =8, =(G2) € (Fz) and (F,Z) € (G,Z)"
S
%k
Proof: Let (F,Z) N (G,Z) = (T,Z), where for all ReZ, T(X)=F(X)NG(X). Since
€

(T,Z) = @y, thus, for all ReZ, T(X)=0. Hence, for all ReZ, T(X)=F(X)NG(X)=0 <G(X)<
F'(R). Therefore, (G, Z) € (F,Z)".

x ~
Similarly, if (F,Z) n (G,Z) = @4, then (F,Z) € (G,Z)" can be shown similarly.
€

~ 3k
Conversely, let (G, Z) € (F,)". Thus, for all X € Z, F(X) NG(X)=@. So, (F,Z) N (G, 2)=
£
?.
~ %k ~ %k ~ %k k
13) Q)Z Q(F,Z) (GJC)’ QC Q(F,Z) (G,C), Q)ZUC Q(F,Z) (G:C)a (F:Z) (G:C)
Ne Ne Ne Ne
€ Uzuc.

* ~ * ~
14) (F,.Z2) n (G,2) € (F,Z) and (F,2) n (G,2) &(G,2).
€ €

x
Proof: Let (F.Z2) n (G,2)=(H, ZUZ), where for all NeZ, Since for all NeZ,

€

x ~
H(R)=F(X)NG(X) € F(R), (F,2) n (G,2)&(F,Z). Similarly, for all XeZ,
€

H(X)=F(X)NG(X) S G(X). Thus, (F,Z) ﬁ (G,Z) E(G,2).
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15) (F,.2) € (G, Z) & (F.2) ;i(G,Z) =(F,Z2).

Proof: Let (F,Z) € (G,Z).Then for all ReZ, F(R) € G(X). Let (F,Z) ;i (G,2)=(H,2),
where for all XeZ, H(X)=F(X)NG(XR). Thus, for all ReZ, H(X)=F(X)NG(R)=F(X)
implying that (F,Z) ri (G,2)=(F,Z). Conversely, let (F,Z) ;:8 (G,2)=(F,Z). Hence,
F(X)NG(X)=F(X) and thus, F(X)SG(X), for all XeZ. Thereby, (F,Z) € (G, Z).

16) (F,Z2) ﬁs(G,C) € (F2) iE(G,C).
Proof: Let (F,2) ?is (G,C)=(H,ZuUC), where ReZUC,

F (R), XezZ-C

H®X)=4 G'(N), NeC-Z
F(X)NG(R), RezNC

ES
Let (F,Z) U (G,C)=(T,ZUC), where ReZUC,
€

F (X), NeZ-C
TX)={ G (N), ReC-Z
F(X)UG(R), REZNC
Here, for all NeZ-C, HR)=F'(X)SF'(R)=T(R), for all XeC-Z,

H(X)=G'(X)SG'(X)=T(X), and for all ReZNC, H(X) =F(X)NG(X) S F(X) U G(X)=T(X).
* _ *
Thus, (F.Z2) 4 (GO) E(F2) | (GO).
€ US
* *
17) (FZ) 4 (GO) =(FCQ) | (G,0) &(F.ZNC)=(G,ZNO).
€ €
* * *
Proof: Let (F,Z) N (GC) =(F2) U (G,C) and (F,2) N (G,C) = (H,ZUC), where for
€ € €
all NeZUC,
F(X), XeZ-C
H®)=1 G (N), NEC-Z
F(X)NG(R),  RezZNC
*
Let (F.Z) |, (G,C)=(K,ZUC), where for all XeZUC,
€
F (R), XezZ-C
K®)=4 G(N), NeC-Z
F(RX)UG(N), XeCNZ

Since (H,ZUC) = (K,ZUC), F (R)=F (R) for all ReZ-C, G (X)=G (R) for all XeC-Z, and
F(R)NG(R)=F(R)UG(R), for all XeZN C. Thus, F(X) = G(X) for all X € Z N C, implying

that (F,Z N C) = (G, Z N C).
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Conversely, let (F,ZNC)=(G,ZNC). Hence, forall X € Z n C, F(X)=G(X). Moreover,
for all XeZ-C, H(X) = F (X)=F (X)=K(X); for all XeC-Z, H(X)=G (X)=G (X) = K(X),

and and so for all X € Z, H(X)=K(X) implying that (F,Z) ﬁS(G,C) =(F,2) >Uks(G,C).

18) If (F.Z) E(G.Z). then (F, Z) ?;E(H, 7) € (G, 2) F:S(H, 7).

Proof: Let (F,Z)E (G,Z). Hence, for all ReZ, F(R)SG(X). Let (F,Z) ?:S(H, 2)=(W,2),
where for all XeZ, W(R)=F(X)NH(X). Let (G,Z) ?:S(H, Z) = (L,Z). Thus, for all XeZ,

L(X)=G(X)NH(R). Thus, for all eZ, W(X)=F(X)NH(X) S G(X)NH(X)=L(X). Hence,
% N %
(F,2) [ (M2 EGD) ) (1),

%k ~ %k ~
19) If (F,Z) n (H,Z) € (G, Z2) n (H,Z), then (F,Z)S(G,Z) need not have to be true.
€ €

That is, the converse of 3.3. Theorem (18) is not true.

Proof: Let us give an example to show that the converse of 3.3. Theorem (18) is not
true. Let E={e;,e,,e3,e4 €5} be the parameter set, A=C={e;,e3} be the subset of E, and
U={hy,h;, h3,hy, hs} be the universal set.

Let

(Faz):{(el,!{hZI h5})3(63’{hlahZ’hS})}’(G’Z):{(el,'{hZ})a(e39{hlahz})}’(H’Z):{( elsm)a(
es,0)} be soft sets over U. Let (F,Z) ?; (H,Z)=(L,Z), then (L,Z)={(e1,0).(e3,D)} and let

6,2) [ (LDKD, thus  (K2={(e )5 0)}. Hence, (F2) , (H7)E
(G, 72) ?: (H,Z) but (F,Z) is not a soft subset of (G,Z).

20) If (F,Z) € (G,C) and (K,Z) € (L, C), then (F.Z) ?: (K,Z) &(G, C) ;k] (L,C).
€ €
Proof: Let (F,Z)C (G, C) and (K,Z) € (L, C). Hence, ZEC and for all XeZ, F(X)S G(X)
and K(X)S L(X). Let (F,Z) ﬁ (K,Z) = (W,Z). Thus, for all ReZ, W(R)=F(X)NK(X). Let
€

(G,0) ;'; (L,C) = (S,C). Thus, for all XeC, S®)=G(X)NL(X). Since
W(R)=F(R)NK(X) S G(X)NL(X)=S(R) for all XeZ, (F,Z) ﬁ (K,Z) &(G,0) ﬁ (L,C).

21) (F, 2) ?;s([(F, 7) i((;, 2)]= (F,Z) and (F,Z) :i[(F, 7) ?;S(G, Z)] — (F,7) (The

absorbtion laws)
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%k
Proof: Let (F,7) U (G,2)=(T,Z), where for all ReZ, T(X)= F(R)NG(X). Let
€

%k
(F,Z) N (T,Z)=(M,Z), where for all XeZ, M(X) = F(X)NT(X). Thus, M(X)=F(X) U
€
[F(X) N G(X)], for all XeZ. Hence, M(R)=F(X), for all ReZ. Thus, (M,Z)=(F,Z). Similarly,

%k %
(F,Z) U (F,Z) n (G,Z2)| = (F,Z) can be shown. Here, if is replaced by the
€ €

US
restricted union operation or the extended union operation, it is evident that the 3.3.
Theorem 3.3. (24) holds again in S;(U) with Z being a fixed subset of the universal set E,
since these operations coincide with each other in the collection Sy (U).

S

3.3.2. Theorem (Sz(U), ", n ,Uz) is an MV-algebra.
€

Proof: Let’s show that (Sz(U), A Uz) satisfies the MV-algebra conditions.
€
%

(MVD) (520), 1
(MV2) ((F.2)) =(F,Z) (Ali et al. 2011).
(MV3) (U) | (F2)= 0, ) (F2) = 07 = (Up).

Uy) is a commutative monoid.

MVA) [F2) 1 G2 [, (62)=(62) | F2Y  (F2)

3.4. Theorem The complementary extended intersection operation has the following
distributions over other soft set operations:

3.4.1. Theorem The complementary extended intersection operation has the following
distributions over restricted soft set operations: (The followings hold where
(ZAC)NR=ZNCNR'=0)

i) LHS Distributions of the Complementary Extended Intersection Operation over
Restricted Soft Set Operations:

DED)) (GONRMERIFIED),, (GOIURIED)) HR))
2 () (GOURIRIIFD),, (G.OMURIEZ), (R
H(E2) ) (GORHRIFIED), GOWRIED, (HR]

9 (F2) ) (GOPHRI-IED, (GOINRIEZ), (HR]

i) RHS Distribution of Complementary Extended Intersection Operation over
Restricted Soft Set Operations
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D (EDURGO] y (LRAEZ) | HRIURIGO) oy (HR)L
) (EDNRGO] | (HRAEZ) ) HRINIGC) ;y (HR)L
32 GO R, (R URIGO), (HR]

4) [(F,2)8r (G,C)] (H R)=[(F, Z) . (HR)INRI(G, C) (H R)].

34.1.1. Corollary Considering the distributions in3.4.1 Theorem, we have:
e (F, Z) G, Z)ﬂR(H 2)=I(F, Z)  (GDINR[(F.D), (H 2)].

. [(F,Z)ﬂR(G,Z)] (H,Z)=[(F,Z) (H,Z)]ﬂR[(G,Z) _(H2)]
« (F Z) G Z)UR(H 2)1=[(F, Z) ,(GCDIURIFD), (H 2)].
. [(F,Z)UR(G,Z)] (H,Z)=[(F,Z) (H,Z)]UR[(G,Z) _(H2)]
« (F, Z) G Z)AR(H 2)1=[(F, Z) _ (CDIARI(F, Z) (H 2)].
o [(FDAR(G2)] (H Z)= [(F Z) (H1Z)]AR[(G,Z) n, (H]

3.4.1.2. Theorem: (Sz(U),Ng, A ) IS a commutative, idempotent semiring without zero
€

but with unity.

*
3.4.1.3 Theorem: (Sz(U),Ug, n ) is a commutative, idempotent hemiring with unity.
€

3.4.1.4. Theorem: (Sz(U),Ag, n ) is a Boolean Ring, and also (Sz(U),Ag, n ) is a
€ €

commutative, multiplicative idempotent hemiring with unity.

*
3.4.1.5. Theorem: (Sz(U),07,Uz,Ug, n ) Boolean, De Morgan, Kleene and Stone
€
algebra.
3.4.2. Theorem The following distributions of the complementary extended intersection
operation over extended soft set operations hold:

I)LHS Distributions of the Complementary Extended Intersection Operation on
Extended Soft Set Operations:
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The followings hold where (ZAC)NR=ZNCNR'=Q.
b S b S b S
1) (F.Z) n, [(G,C)*(H,R)=[(F.Z) \c (G,O)]U[(F.2) \e (H,R)].

2 E2) ) [GONHRIHEZ) | GONEZ) | HR)L

H(E2) ) (GOUHRIFIED) | (GONIED) ) (R

YEZ) ) [GOBMRI-IED) (GOINAFD HR)L

i) RHS Distributions of Complementary Extended Intersection Operation over

Extended Soft Set Operations

D [(F.2)V: (GO)] (H R)=[(F.2) (H R)JU¢[(G,0) (H R)].

2) [(F»Z)HE(G,C)] | (HR)=[(F.2) (H R)IN[(G, C) (H R)].

3) [(F,Z)GS(G,C)] . (HR=[(F, Z) J(HRIN(G, C) (LR

4) [(F,Z)*s(G,C)] , (HR=((F, Z) (HRIUE(G, C) (HR)].

3.4.2.1. Corollary Considering the distributions in 3.4.2. Theorem we have:
e (R, Z) G Z)ﬂs(H DIFIF, Z) _(GDIN[(F.D), (H 7)1

(G Z)ﬁs(G 2)] (H 2)=[(F, Z) _(H2IN[(G, Z) (H2)]

« (F Z) G Z)Us(H 2)=[(F, Z) GOV, (H 2)].

(G Z)Us(G 2)] (H 2)=[(F, Z) (]G, Z) (H2)]

e (F Z) _LGDA(H.2)I=[F, Z)  (GOA[FD), (H 2)].

o [(F.2)A(G2)] ns(H1Z):[(F,Z) n, (H2)8[G2) - n, (H:2]

3.4.2.2. Theorem: (Sz(U),Ng,

but with unity.

3.4.2.3 Theorem: (Sz(U),U,,

N ) is a commutative, idempotent semiring without zero
€

A ) is a commutative, idempotent hemiring with unity.
€
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3.4.2.4. Theorem: (Sz(U),A ) is a Boolean Ring, annd also a commutative,

& n
multiplicative idempotent hemiring with unity.

%
3.4.2.5. Theorem: (S;(U),0,,Uz, U, N ) Boolean, De Morgan, Kleene and Stone algebra.
€

3.4.3. Theorem: The following distributions of the complementary extended intersection
operation over complementary extended operations hold:

i) LHS Distributions of Complementary Extended Intersection Operations over
Complementary Extended Soft Set Operations
The followings hold where (ZAC)DR ZﬂCﬂR'—Q)

D E2) [(G O A (H R)I=[(F, Z) .G C)l I, Z) , (HR)].
2)(K2) [(G C) (H R)I=[(F, Z) .G C)l I, Z) , (HR)].
3) (F, Z) [(G C) JHR)=(E, Z)\ (G,O)] [(F Z)\ (H,R)].

4) (£2) [(G C)e (H,R)I=((F, Z)\ (G, C)l [(F,Z)\s (H,R)].

i) RHS D|str|but|ons of Complementary Extended Intersection Operation over
Complementary Extended Operations

DF Z) 0, (G Ol (H R)=[(F, Z) (H R)] (G O\ (H R)],
2) [(F, Z) (G C)l (HR=I(EZ) (H R)l [(G O A (H R)].
3) [(FZ) ﬂ (G Ol (H R)=[(F.Z) , (H R)In, [(G O A (H R)].

4 [(F, Z) G, C)l , (HR)=[(F, Z) (H R)] 8[(G,C) YS(H’R)]'

3.4.3.1. Corollary Considering the distributions in 3 4.3 Theorem we have:
e (F, Z) [(G Z) _ (HAI=IF Z) G Z)] NG Z) [(H.2)].

e [(F, Z) (G Z)] HZ) [(F, Z) (A, Z)] [(G Z) (H2)]
e (F Z) [(G Z) (H 2)1=[(F, Z) G Z)] NG Z) (H 2)].

e [FD) (G 2)] (H 2)=[(F, Z) _H, Z)] G, Z)  (HI)]
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* ok

3.4.3.2. Theorem: (Sz(V), . , is a commutative, idempotent semiring without zero
N N
€ €

but with unity.

S
3.4.3.3 Theorem: (Sz(U), U A ) is a commutative, idempotent hemiring with unity.
€ €

3.4.3.4. Theorem: (Sz(U), . , . ) is a Boolean Ring, and also a commutative,
A N
€ €

multiplicative idempotent hemiring with unity.

S

3.4.2.5. Theorem: (SZ(U),(Z)Z,UZ,U ' A
€ €

) Boolean, De Morgan, Kleene and Stone

algebra.

3.4.4. Theorem The following distributions of the complementary extended intersection
operation over soft binary piecewise operations hold:

1) LHS Distributions of the Complementary Extended Intersection Operation over Soft
Binary Pievewise Operations:

D(E2) o (CONHRIED) (GO (F2) (R
D) | (GOLHRIIED) GO [FD) , (LR
HED L (GOLERIIED), GO ([(F2)) (R

HE2) ) [GOGHRIHEZ) GOIL [(F2)| (R

i) RHS Distributions of the Complementary Extended Intersection Operation over Soft
Binary Piecewise Operations

D [(F2)g GOl (HR={(FZ), HRIGO, (HR)L,
DIED, GOy HR-FED [ HRIGIGO) & (R
3 2, GOV ER ={(EZ) | HRINGO) & (R

HIED] GO | BR)=(EZ) RGO (R
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3.4.4.4.1. Corollary: Considering the distributions in 3.4.4. Theorem, we have:
. FD 162)  HDFIFD), G2 (FD), (H2)
¢ [FD G2, HDIFD) | HDI L 16G2) ] HDL
.+ FD 162) [ HDFIFD), G2 IFD, (H2)]
¢ [FD G, HDIFD) ) HAIJ16G2) ] HL
o FD, (GD,HDFIFD, G2} [F2)) H2)]

¢ [F2); G621 H2HFD S (HD] 416D (H2)

~ k. L . .
3.4.4.2. Theorem: (SZ(U),n, A ) is a commutative, idempotent semiring without zero but
€

with unity.

~ K . . . )
3.4.4.3 Theorem: (Sz(U), U N ) is a commutative, idempotent hemiring with unity.
€

~ Xk . .
3.4.4.4. Theorem: (Sz(U), A’n) is a Boolean Ring, and also a commutative,
€

multiplicative idempotent hemiring with unity.
~ X
3.4.4.5. Theorem: (Sz(U),04,U, U N ) Boolean, De Morgan, Kleene and Stone algebra.
€

3.4.5. Theorem: The following distributions of the complementary extended intersection
operation over the complementary soft binary piecewise operations exist:
i) LHS Distribution of the Complementary Extended Intersection Operation over

Complementary Soft Binary Piecewise Operations
* *k

DIf(E2) * (GO~HRIFIEZ) GO~ [(FZ) " (HR)]
€ n € n €
* * * * *
2 (F2) " (GO~HRIFFD) (GO~ [(F2)  (HR)]
€ U € U €
* i * i *
€ * € U €
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* *
% % %
4) (F.2) o [(GO~HR)=[(FZ)| (GO~ [(EZ), (HR)].
€ e \8 n \8
i) RHS Distributions of Complementary Extended Intersection Operation over
Complementary Soft Binary Piecewise Operations

ES *

D [E2)~ (GO | (HR) -(F2), HRIF(GO), HR)L
e € € n €
i * * i *

2 [(E2)~ (GO (HR(FZ) \ HRI(GO) & (HR)L
U € € U €
i * * i *

3) (E2)~ (GO » (HR)=[(F2) » (HRIM(GO) v (HR)]
n € € N €
i * * i *

HIED~ GO (HR)=(E2), (HRI~(G.C) R
* € € U €

3.4.5.1. Corollary: Considering the distributions in 3.4.5. Theorem, we have:

. FD, 16D ; (H2I=IF.2);, (G2 ; (GRANICEA!

. [FD) ; G217 H2IF2) | (R ; (6.2 (H2)
. FD, 16D G (H2=IF.2D);, G2 ; [(F D) (HD]
. [FD) G G20y (H2-IF2) ) (H2)] ; (6.2 (H2)]

*

3.4.5.2. Corollary: (Sz(U), ~, A ) Is a commutative, idempotent semiring without zero
N €
but with unity.

*

*
3.4.5.3. Corollary: (Sz(U), ~, N ) is a commutative, idempotent hemiring with unity.

U €

* % K
3.4.5.4. Corollary: (Sz(U), ~, . ) is a Boolean Ring and aslo a (Sz(U), ~, . ) is a

A Ne A Ne

commutative, multiplicative idempotent hemiring with unity.
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*

S

3.4.5.5. Corollary: (Sz(U),02,Uz, ~, n) Boolean, De Morgan, Kleene and Stone
U €

algebra.

4. Conclusion

In this paper, a new soft set operation called, complementary extended intersection, is
proposed and its algebraic properties, particularly by comparing with the intersection
operation in classical set theory are investigated. We handle the distributions of
complementary extended intersection over other different kinds of operations on soft sets.
A thorough examination of the algebraic structures that the set of soft sets form with these
operations is given, taking into account the distribution laws and the algebraic aspects of
the soft set operations. We demonstrate how various significant algebraic structures,
including semiring, near-semiring, hemiring, Boolean ring, Boolean Algebra, De Morgan
Algebra, Kleene Algebra, and Stone Algebra, are formed by the collection of all soft sets
with a fixed parameter together with complementary extended intersection and other types
of soft sets. We hope this study contributes to the literature of not only soft set theory but
also classical algebra, since studying the algebraic structures of soft sets in relation to
novel soft set operations gives us a detailed understanding of their use as well as new
examples of algebraic structures. Future research may examine various kinds of
complementary extended soft set operations together with their distributions and
characteristics to see what algebraic structures they generate in the classes of soft sets with
a fixed parameter set.

References

Akbulut, E. (2024). New Type of Extended Operations of Soft Sets: Complementary
Extended Lambda and Difference Operation. Unpublished Master Thesis, Amasya
University The Graduate School of Natural and Applied Sciences, Amasya.

Ali, MLL,, Feng, F., Liu, X., Min, W.K. & Shabir, M. (2009). On some new operations in
soft set theory. Computers Mathematics with Applications, 57 (9), 1547-1553.

Ali, ML.I., Shabir, M. & Naz M. (2011). Algebraic structures of soft sets associated with
new operations. Computers and Mathematics with Applications, 61 (9),2647-2654.

Aybek, F. (2024). New Restricted and Extended Soft Set Operations. Unpublished Master
Thesis, Amasya University The Graduate School of Natural and Applied Sciences,
Amasya.

92



Jurnal Matematika Vol. 14, No.1, Juni 2024, pp. 75-95 ISSN: 1693-1394
Article DOI: : 10.24843/JMAT.2024.v14.i01.p173

Birkhoft, G. (1967). Lattice Theory, American Mathematical Society, Providence, Rhode.

Cagman, N. (2021). Conditional Complements of Sets and Their Application to Group
Theory. Journal of New Results in Science, 10(3), 67-74.

Cagman, N., Citak, F., & Aktas, H. (2012). Soft int-group and its applications to group
theory. Neural Computing and Applications, 2, 151-158.

Cagman, N. & Enginoglu, S. (2010). Soft set theory and uni-int decision making.
European Journal of Operational Research, 20,7 (2), 848-855.

Chang, C. C. (1958). A New Proof of the Completeness of the Lukasiewicz Axioms.
Transactions of the American Mathematical Society, 93(1), 460—490.

Clifford, A. H. (1954). Bands of Semigroups. Proceedings of the American Mathematical
Society, 5(3), 499-504.

Eren, O.F. & Calisict, H. (2019). On some operations of soft sets, The Fourth International
Conference on Computational Mathematics and Engineering Sciences (CMES
2019), Antalya.

Jana, C., Pal, M., Karaaslan, F. & Sezgin, A. (2019). (a,B)-soft intersectional rings and
ideals with their applications. New Mathematics and Natural Computation, 15 (2),
333-350.

Mahmood, T., Rehman, Z.U., & Sezgin, A. (2018). Lattice ordered soft near rings. Korean
Journal of Mathematics, 26 (3), 503-517.

Maji, P.K, Biswas, R & Roy, A.R. (2003) Soft set theory. Computers and Mathematics
with Applications, 45 (1), 555-562.

Molodtsov, D. (1999) Soft set theory-first results. Computers and Mathematics with
Applications, 37 (4-5), 19-31.

Mustuoglu, E., Sezgin, A. & Tiirk, Z.K. (2016). Some characterizations on soft uni-groups
and normal soft uni-groups. International Journal of Computer Applications, 155
(10), 1-8.

Ozlii, S. & Sezgin, A. (2020). Soft covered ideals in semigroups. Acta Universitatis
Sapientiae Mathematica, 12 (2), 317-346.

Pant, S., Dagtoros, K., Kholil, M.I. & Vivas, A. (2024). Matrices: Peculiar determinant
property. Optimum Science Journal, 1, 1-7.

Pei, D. & Miao, D. (2005). From soft sets to information systems. /[EEE International
Conference on Granular Computing, 2, 617-621.

Sezer, A.S. Certain Characterizations of LA-semigroups by soft sets. (2014). Journal of
Intelligent and Fuzzy Systems, 27 (2), 1035-1046.

Sezer, A.S., Cagman, N. & Atagiin, A.O. (2015b). Uni-soft substructures of groups.
Annals of Fuzzy Mathematics and Informatics, 9 (2), 235-246.

Sezgin, A. (2018). A new view on AG-groupoid theory via soft sets for uncertainty
modeling. Filomat, 32(8), 2995-3030.

93


https://doi.org/10.24843/JMAT.2024.v14.i01.p173

Aslihan Sezgin, Murat Sarialioglu, Emin Aygiin / A New Type of Extended Soft Set Operation...

Sezgin, A., Ahmad S. & Mehmood A. (2019). A new operation on soft sets: Extended
difference of soft sets. Journal of New Theory, 27, 33-42.

Sezgin, A. & Aybek, F.N. (2023). New soft set operation: Complementary soft binary
piecewise gamma operation. Matrix Science Mathematic (1), 27-45.

Sezgin, A., Aybek, F.N. & Atagiin A.O. (2023a). New soft set operation: Complementary
soft binary piecewise intersection operation. Black Sea Journal of Engineering and
Science, 6 (4), 330-346.

Sezgin, A., Aybek, F.N. & Giingor, N.B. (2023b). New soft set operation: Complementary
soft binary piecewise union operation. Acta Informatica Malaysia, (7)1, 38-53.
Sezgin, A., Atagiin, A.O., Cagman, N. & Demir H. (2022). On near-rings with soft union
ideals and applications. New Mathematics and Natural Computation, 18(2), 495-

511.

Sezgin, A. & Atagiin, A.O. (2011). On operations of soft sets. Computers and Mathematics
with Applications, 61 (5), 1457-1467.

Sezgin, A. & Atagiin, A.O. (2023). New soft set operation: Complementary soft binary
piecewise plus operation. Matrix Science Mathematic, 7 (2), 125-142.

Sezgin, A. & Cagman, N. (2024). New soft set operation: Complementary soft binary
piecewise difference operation. Osmaniye Korkut Ata University Journal of the
Institute of Science and Technology, 7 (1), 58-94.

Sezgin, A., Cagman, N. & Atagiin, A.O. (2017). A completely new view to soft
intersection rings via soft uni-int product. Applied Soft Computing, 54, 366-392.

Sezgin, A & Calisici, H. (2024). A comprehensive study on soft binary piecewise
difference operation. Eskisehir Teknik Universitesi Bilim ve Teknoloji Dergisi B -
Teorik Bilimler, 12(1), 32-54.

Sezgin, A. & Dagtoros, K. (2023). Complementary soft binary piecewise symmetric
difference operation: A novel soft set operation. Scientific Journal of Mehmet Akif
Ersoy University, 6(2), 31-45.

Sezgin, A. & Demirci, A.M. (2023). New soft set operation: complementary soft binary
piecewise star operation. lkonion Journal of Mathematics, 5 (2), 24-52.

Sezgin, A. & Sarnalioglu M. (2024). A New Soft Set Operation Complementary Soft
Binary Piecewise Theta Operation. Journal of Kadirli Faculty of Applied Sciences,
4(1), 325-357.

Sezgin, A. & Yavuz, E.(2023a). New soft set operation: Complementary Soft Binary
Piecewise Lambda Operation. Sinop University Journal of Natural Sciences, 8 (2),
101-133.

Sezgin, A. & Yavuz, E. (2023b). A new soft set operation: Soft binary piecewise
symmetric difference operation. Necmettin Erbakan University Journal of Science
and Engineering, 5 (2), 189-208.

94



Jurnal Matematika Vol. 14, No.1, Juni 2024, pp. 75-95 ISSN: 1693-1394
Article DOI: : 10.24843/JMAT.2024.v14.i01.p173

Stojanovic, N.S. (2021). A new operation on soft sets: Extended symmetric difference of
soft sets. Military Technical Courier, 69 (4), 779-791.

Vandiver, H. S. (1934). Note on a simple type of algebra in which the cancellation law of
addition does not hold. Bulletin of the American Mathematical Society, 40, (12) 914-
920.

Yavuz E., 2024. Soft binary piecewise operations and their properties, Unpublished
Master Thesis, Amasya University The Graduate School of Natural and Applied

Sciences, Amasya.

95


https://doi.org/10.24843/JMAT.2024.v14.i01.p173

